Realization of globally exceptional $Z_2 x  Z_2$ - symmetric spaces by Toshikazu MIYASHITA
Realization of globally exceptional $Z_2 x 











Vol. 38 No. 2 (2014), 239–311
REALIZATIONS OF GLOBALLY EXCEPTIONAL
Z2  Z2-SYMMETRIC SPACES
By
Toshikazu Miyashita
Dedicated to Professor Ichiro Yokota on the occasion of
his eighty-eighth birthday
Abstract. In [3], a classiﬁcation is given of the exceptional Z2  Z2-
symmetric spaces G=K , where G is an exceptional compact Lie
group or Spinð8Þ, and moreover the structure of K is determined
as Lie algebra. In the present article, we give a pair of commuting
involutive automorphisms (involutions) ~s, ~t of G concretely and
determine the structure of group Gs VG t corresponding to Lie
algebra gs V gt, where G is an exceptional compact Lie group.
Thereby, we realize exceptional Z2  Z2-symmetric spaces, globally.
1. Introduction
According to the article [3], the notion of G-symmetric spaces introduced by
Lutz [4] is a generalization of the classical notion of a symmetric space, where G
is a ﬁnite abelian group. (As for the deﬁnition of G-symmetric space, see [1].)
In the case G ¼ Z2 this is the classical deﬁnition of symmetric spaces, and in
the case G ¼ Z2  Z2 we say that this is Z2  Z2-symmetric space. Now, the
deﬁnition of Z2  Z2-symmetric space in [3] is as follows.
Definition. A homogeneous space G=K is Z2  Z2-symmetric space if there
are ~s; ~t A AutðGÞnfidGg such that ~s2 ¼ ~t2 ¼ idG, ~s0 ~t and ~s~t ¼ ~t~s such that
ðGs VG tÞ0JKJGs VG t, where Gs (resp. G t) is a ﬁxed points subgroup of G
by ~s (resp. ~t) and ðGs VG tÞ0 is a connected component containing 1 of Gs VG t.
(Hereafter idG is abbreviated as 1.)
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The main purpose of this article is to give a pair of di¤erent involutive
automorphisms ~s, ~t in G and to determine the structure of the group Gs VG t
corresponding to k ¼ gs V gt in the second column of Table 1, where G is a
simply connected compact exceptional Lie group G2, F4, E6, E7 or E8. Thereby,
we realize exceptional Z2  Z2-symmetric spaces, globally. We call those spaces
‘‘Globally exceptional Z2  Z2-symmetric spaces’’. Moreover, we conﬁrm all
types ðG=Gs;G=G t;G=GstÞ of Z2  Z2-symmetric spaces determined by Andreas
kollross, globally. For example, since it follows from the triple group iso-
morphisms ðE6ÞlgGSpð4Þ=Z2, ðE6ÞlgsG ðE6ÞlgGSpð4Þ=Z2, ðE6ÞðlgÞðlgsÞ ¼ ðE6Þs
G ðUð1Þ  Spinð10ÞÞ=Z4 that E6=ðE6Þlg, E6=ðE6Þlgs, E6=ðE6ÞðlgÞðlgsÞ are the
symmetric spaces of type EI, EI, EIII, respectively. Then the globally Z2  Z2-
symmetric space of this type is called type EI-EI-EIII, and denote EI-EI-EIII by
abbreviated form EI-I-III. In addition, when s and t are conjugate in G, we give
explicitly the element d A G such that s ¼ dtd1 except for three cases in E8.
This article is closely in connection with the preceding articles [5], [6], [7], [8],
[10], [11], [12] and [13], and may be a continuation of those in some sense.
J-S.H and J.U [2] classiﬁed the Klein four subgroups G of Autðu0Þ for
each compact Lie algebra u0 by calculating the symmetric subgroups Autðu0Þy
(y A Autðu0Þ is a involutive automorphism) and their involution classes, and
determined the ﬁxed point subgroup Autðu0ÞG. In general, suppose a group G
is simply connected, we have AutðGÞGAutðgÞ ([9]. g is the Lie algebra of G),
moreover when the center zðGÞ of G is trivial, it is well-known that GHAutðGÞ.
Since the exceptional compact Lie groups G ¼ G2;F4;E8 are simply connected
and these zðGÞ are trivial, we see that GHAutðGÞGAutðgÞ. Hence, for
G ¼ G2;F4;E8, our results of Gs VG t in Table 1 are realized as the subgroups
of the results of ﬁxed point subgroups of Klein four subgroups in exceptional
case of [2].
In [2], they had approached the ends by using root system of u0. On the
other hand, we deﬁne the mappings between groups explicitly, and give the
proofs of isomorphism of group by using the homomorphism theorem as ele-
mentary approach. The author would like to say that this is one of features about
this article.
For G ¼ G2;F4;E6;E7, and E8, our results are as follows.
Type g kðG gs V gt) Involutions G s VG t
G-G-G g2 iRl iR g; gH ðUð1Þ Uð1ÞÞ=Z2z f1; gCg
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Remark. In the forth column, we omit a sign@, for example ~g is denoted
by g. In the ﬁfth column, a sign z means semi-direct product of groups, for
example ðUð1Þ  SOð6ÞÞ=Z2z f1; gHg.
FI-I-I f4 uð3Þl iR g; gH ðUð1Þ Uð1Þ  SUð3ÞÞ=Z3z f1; gCg
FI-I-II f4 spð2Þl spð1Þl spð1Þ g; gs ðSpð1Þ  Spð1Þ  Spð2ÞÞ=Z2
FII-II-II f4 soð8Þ s; s 0 Spinð8Þ
EI-I-II e6 soð6Þl iR lg; lggC ðUð1Þ  SOð6ÞÞ=Z2z f1; gHg
EI-I-III e6 spð2Þl spð2Þ lg; lgs ðSpð2Þ  Spð2ÞÞ=Z2z f1; rg
EI-II-IV e6 spð3Þl spð1Þ lg; g ðSpð1Þ  Spð3ÞÞ=Z2
EII-II-II e6 suð3Þl suð3Þl
iRl iR
g; gH ðUð1Þ Uð1Þ  SUð3Þ  SUð3ÞÞ=
Z3z f1; gCg
EII-II-III e6 suð4Þl spð1Þl
spð1Þl iR
g; sg ðSpð1Þ  Spð1Þ Uð1Þ  SUð4ÞÞ=
ðZ2  Z4Þ
EII-III-III e6 suð5Þl iRl iR g; gHr2 ðUð1Þ Uð1Þ  SUð5ÞÞ=ðZ2  Z5Þ
EIII-III-III e6 soð8Þl iRl iR s; s 0 ðUð1Þ Uð1Þ  Spinð8ÞÞ=ðZ2  Z4Þ
EIII-IV-IV e6 soð9Þ l; s Spinð9Þ
EV-V-V e7 soð8Þ lg; igC SOð8Þ=Z2  f1;1g
EV-V-VI e7 suð4Þl suð4Þl iR lg; lgs ðUð1Þ  SUð4Þ  SUð4ÞÞ=
ðZ2  Z4Þz f1; eg
EV-V-VII e7 spð4Þ lg; ilg Spð4Þ=Z2  f1;1g







ðSUð2Þ  Spinð4Þ  Spinð8ÞÞ=
ðZ2  Z2Þ
ðUð1Þ Uð1Þ  SUð6ÞÞ=Z3z f1; gCg
EVI-VII-VII e7 soð10Þl iRl iR s; i ðUð1Þ Uð1Þ  Spinð10ÞÞ=Z12
EVII-VII-VII e7 f4 i; l F4  f1;1g
EVIII-VIII-VIII e8 soð8Þl soð8Þ s; s 0 ðSpinð8Þ  Spinð8ÞÞ=ðZ2  Z2Þ
EVIII-VIII-IX e8 suð8Þl iR log; logu ðSOð2Þ  SUð8ÞÞ=Z4z f1; rug
EVIII-IX-IX e8 soð12Þl spð1Þl spð1Þ s; u ðSUð2Þ  SUð2Þ  Spinð12ÞÞ=Z4
EIX-IX-IX e8 e6l iRl iR u; io ðSOð2Þ Uð1Þ  E6Þ=Z6z f1; ng
Table 1. Globally exceptional Z2  Z2-symmetric spaces
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2. Preliminaries
We give the deﬁnitions of the simply connected compact exceptional Lie
groups used in this article, and we state general notes for notation.
2.1. Cayley Algebra and Compact Lie Group of Type G2
Let C ¼ fe0 ¼ 1; e1; e2; e3; e4; e5; e6; e7gR be the division Cayley algebra. In C,
since the multiplication and the inner product are well known, these are omitted.
The simply connected compact Lie group of type G2 is given by
G2 ¼ fa A IsoRðCÞ j aðxyÞ ¼ ðaxÞðayÞg:
2.2. Exceptional Jordan Algebra and Compact Lie Group of Type F4
Let Jð3;CÞ ¼ fX AMð3;CÞ jX  ¼ Xg be the exceptional Jordan algebra. In
Jð3;CÞ, the Jordan multiplication X  Y , the inner product ðX ;Y Þ and a cross
multiplication X  Y , called the Freudenthal multiplication, are deﬁned by
X  Y ¼ 1
2
ðXY þ YX Þ; ðX ;YÞ ¼ trðX  YÞ;
X  Y ¼ 1
2
ð2X  Y  trðX ÞY  trðY ÞX þ ðtrðXÞ trðY Þ  ðX ;YÞÞEÞ;
respectively, where E is the 3 3 unit matrix. Moreover, we deﬁne the trilinear
form ðX ;Y ;ZÞ, the determinant det X by
ðX ;Y ;ZÞ ¼ ðX ;Y  ZÞ; det X ¼ 1
3
ðX ;X ;X Þ;
respectively, and brieﬂy denote Jð3;CÞ by J.
The simply connected compact Lie group of type F4 is given by
F4 ¼ fa A IsoRðJÞ j aðX  YÞ ¼ aX  aYg
¼ fa A IsoRðJÞ j aðX  YÞ ¼ aX  aYg:
Then we have naturally the inclusion G2HF4.
2.3. Complex Exceptional Jordan Algebra and Compact Lie Group
of Type E6
Let Jð3;CÞC ¼ fX AMð3;CÞC jX  ¼ Xg be the complexiﬁcation of the
exceptional Jordan algebra J. In Jð3;CÞC , as in J, we can also deﬁne the
multiplication X  Y , X  Y , the inner product ðX ;YÞ, the trilinear forms
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ðX ;Y ;ZÞ and the determinant det X in the same manner, and those have the
same properties. The Jð3;CÞC is called the complex exceptional Jordan algebra,
and brieﬂy denote Jð3;CÞC by JC .
The simply connected compact Lie group of type E6 is given by
E6 ¼ fa A IsoCðJCÞ j det aX ¼ det X ; haX ; aYi ¼ hX ;Yig;
where the Hermite inner product hX ;Yi is deﬁned by ðtX ;YÞ (t is a complex
conjugation in JC : tðX þ iY Þ ¼ X  iY , X ;Y A J).
Then we have naturally the inclusion G2HF4HE6.
2.4. C-Vector Space and Compact Lie Group of Type E7
We deﬁne a C-vector space PC , called the Freudenthal C-vector space, by
PC ¼ JClJClClC
with the Hermite inner product
hP;Qi ¼ hX ;Ziþ hY ;Wiþ ðtxÞzþ ðthÞo
for P ¼ ðX ;Y ; x; hÞ, Q ¼ ðZ;W ; z;oÞ A PC . For f A eC6 , A;B A JC and n A C, we










nX þ 2B Y þ hA
2A X  tfY þ 1
3
nY þ xB




where tf A eC6 is the transpose of f with respect to the inner product
ðX ;Y Þ : ð tfX ;Y Þ ¼ ðX ; fY Þ (eC6 is the complex Lie algebra of type E6).
Moreover, for P ¼ ðX ;Y ; x; hÞ, Q ¼ ðZ;W ; z;oÞ A PC , we deﬁne a C-linear
mapping PQ : PC ! PC by
PQ ¼ jðf;A;B; nÞ;
f ¼  1
2
ðX4W þ Z4YÞ
A ¼  1
4
ð2Y W  xZ  zXÞ
B ¼ 1
4
ð2X  Z  hW  oYÞ
n ¼ 1
8
ððX ;WÞ þ ðZ;YÞ  3ðxoþ zhÞÞ;
8>>>>>>><>>>>>>:
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where X4W A eC6 is deﬁned by ðX4WÞU ¼
1
2
ðW ;UÞX þ 1
6
ðX ;WÞU  2W 
ðX UÞ for U A JC .
The simply connected compact Lie group of type E7 is given by
E7 ¼ fa A IsoCðPCÞ j aðPQÞa1 ¼ aP aQ; haP; aQi ¼ hP;Qig:
Then we have naturally the inclusion G2HF4HE6HE7.
2.5. C-Vector Space and Compact Lie Group of Type E8
We deﬁne a C-vector space eC8 by
eC8 ¼ eC7 lPClPClClClC;
with the Lie bracket ½R1;R2, Rk ¼ ðjk;Pk;Qk; rk; sk; tkÞ, k ¼ 1; 2, deﬁned by
½ðj1;P1;Q1; r1; s1; t1Þ; ðj2;P2;Q2; r2; s2; t2Þ ¼ ðj;P;Q; r; s; tÞ;
j ¼ ½j1; j2 þ P1 Q2  P2 Q1
Q ¼ j1P2  j2P1 þ r1P2  r2P1 þ s1Q2  s2Q1
P ¼ j1Q2  j2Q1  r1Q2 þ r2Q1 þ t1P2  t2P1




fP2;Q1g þ s1t2  s2t1
s ¼ 1
4
fP1;P2g þ 2r1s2  2r2s1
t ¼  1
4
fQ1;Q2g  2r1t2 þ 2r2t1;
8>>>>>>>><>>>>>>>>>:
where eC7 is the complex Lie algebra of type E7, fP;Qg ¼ ðX ;WÞ  ðY ;ZÞþ
xo hz, P ¼ ðX ;Y ; x; hÞ, Q ¼ ðZ;W ; z;oÞ A PC . Then eC8 becomes the complex
simple Lie algebra of type E8.
Here, we deﬁne a C-linear transformation lo of eC8 by
loðj;P;Q; r; s; tÞ ¼ ðljl1; lQ;lP;r;t;sÞ;
where l of the right hand side is the C-linear transformation of PC and is deﬁned
in Section 3.4.
Moreover, the complex conjugation in eC8 is denoted by t:
tðj;P;Q; r; s; tÞ ¼ ðtjt; tP; tQ; tr; ts; ttÞ;
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where t in the right hand side is the usual complex conjugation in the com-
plexiﬁcation.
Then we deﬁne a Hermitian inner product hR1;R2i in eC8 by
hR1;R2i ¼  1
15
B8ðtloR1;R2Þ;
where B8 is the Killing form of eC8 (as for B8, see [10, Section E8] in detail).
The simply connected compact Lie group E8 are given by
E8 ¼ fa A IsoCðeC8 Þ j a½R1;R2 ¼ ½aR1; aR2; haR1; aR2i ¼ hR1;R2ig:
Then we have naturally the inclusion G2HF4HE6HE7HE8.
Now, we state general notes of this article for notation. Let G be a group.
For d A G, ~d denotes the inner automorphism induced by d : ~dðgÞ ¼ dgd1, g A G,
then G
~d ¼ fg A G j ~dðgÞ ¼ gg. Hereafter G ~d will be also written by G d. For
a; b A G, when a and b are conjugate in G, it is denoted by a@ b. Besides, we
almost use the same notations as [10].
3. Globally Exceptional Symmetric Spaces of Type I
In Table 2 below, the list of left half is classiﬁcation of exceptional symmetric
spaces that was found by E´lie Cartan, on the other hand the list of right half is
the results of group realizations corresponding to those. The structures of the
groups G% below are well-known fact, however the explicit forms of involutive
inner automorphisms % are seldom known fact, so we write all in the following
Table 2. The deﬁnitions of % are written in the each section of this chapter. We
remark that as in Table 1 we omit a sign @ in the ﬁfth column.
In this chapter, each proof of the theorem is based on [10], and so whereas
we omit the detail. Furthermore, in [10], since the every proofs are written in
detail, refer to those.
Type g kðG g%) G Involution % K ¼ G%
G g2 spð1Þl spð1Þ G2 g ðSpð1Þ  Spð1ÞÞ=Z2
FI f4 spð3Þl spð1Þ F4 g ðSpð1Þ  Spð3ÞÞ=Z2
FII f4 soð9Þ F4 s Spinð9Þ
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3.1. Type G
Let C ¼ HlHe4 be Cayley devision algebra, where H is the ﬁeld of
quaternion number and e4 is one of basis in C.
We deﬁne an R-linear transformation g of C by
gðaþ be4Þ ¼ a be4; aþ be4 A HlHe4 ¼ C:
Then we have g A G2, g2 ¼ 1. Hence g induces involutive inner automorphism ~g
of G2 : ~gðaÞ ¼ gag, a A G2.
Now, the structure of the group ðG2Þg is as follows.
Theorem 3.1.1 ([G]). The group ðG2Þg is isomorphism to the group ðSpð1Þ
Spð1ÞÞ=Z2 : ðG2ÞgG ðSpð1Þ  Spð1ÞÞ=Z2, Z2 ¼ fð1; 1Þ; ð1;1Þg.
Proof. We deﬁne a mapping jG : Spð1Þ  Spð1Þ ! ðG2Þg by
jGðp; qÞðmþ ae4Þ ¼ qmqþ ðpaqÞe4; mþ ae4 A HlHe4 ¼ C:
This mapping induces the required isomorphism (see [10, Section 1.10]). r
3.2. Types FI and FII






1CA; xk A R; xk A C; k ¼ 1; 2; 3:
EI e6 spð4Þ E6 lg Spð4Þ=Z2
EII e6 suð6Þl spð1Þ E6 g ðSpð1Þ  SUð6ÞÞ=Z2
EIII e6 soð10Þl iR E6 s ðUð1Þ  Spinð10ÞÞ=Z4
EIV e6 f4 E6 l F4
EV e7 suð8Þ E7 lg SUð8Þ=Z2
EVI e7 soð12Þl spð1Þ E7 g ðSpð1Þ  Spinð12ÞÞ=Z2
EVII e7 e6l iR E7 i ðUð1Þ  E6Þ=Z3
EVIII e8 soð16Þ E8 log Ssð16Þ
EIX e8 e7l spð1Þ E8 u ðSpð1Þ  E7Þ=Z2
Table 2. Globally exceptional symmetric spaces of type I
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1CA; E2 ¼ 0 0 00 1 0
0 0 0
0B@









1CA; F2ðxÞ ¼ 0 0 x0 0 0
x 0 0
0B@









1CAþ ða1; a2; a3Þ;
where xk ¼ mk þ ake4 A HlHe4 ¼ C, k ¼ 1; 2; 3. Then Jð3;HÞlH 3 has the
Freudenthal multiplication and the inner product







ðM þ a;N þ bÞ ¼ ðM;NÞ þ 2ða; bÞ;
where ða; bÞ ¼ 1
2
ðab þ baÞ, corresponding those of J, that is, J is isomorphic to
Jð3;HÞlH 3 as algebra. From now on, we identify J with Jð3;HÞlH 3.






1CA; sX ¼ x1 x3 x2x3 x2 x1
x2 x1 x3
0B@
1CA; X A J;
respectively, where g of the right hand side is the same one as g A G2. Then
we have that g; s A F4, g2 ¼ s2 ¼ 1. Hence g, s induce involutive inner auto-
morphisms ~g, ~s of F4 : ~gðaÞ ¼ gag, ~sðaÞ ¼ sas, a A F4.
Now, the structures of groups ðF4Þg and ðF4Þs are as follows.
Theorem 3.2.1 ([FI]). The group ðF4Þg is isomorphic to the group ðSpð1Þ
Spð3ÞÞ=Z2 : ðF4ÞgG ðSpð1Þ  Spð3ÞÞ=Z2, Z2 ¼ fð1;EÞ; ð1;EÞg.
Proof. We deﬁne a mapping jF1 : Spð1Þ  Spð3Þ ! ðF4Þg by
jF1ðp;AÞðM þ aÞ ¼ AMA þ paA; M þ a A Jð3;HÞlH 3 ¼ J:
This mapping induces the required isomorphism ([10, Section 2.11]). r
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Theorem 3.2.2 ([FII]). The group ðF4Þs is isomorphic to the group Spinð9Þ :
ðF4ÞsGSpinð9Þ.
Proof. From [10, Thorem 2.7.4] , we have ðF4ÞE1GSpinð9Þ, so by proving
that ðF4ÞsG ðF4ÞE1 ([10, Thorem 2.9.1]) we have the required isomorphism (see
[10, Sections 2.7, 2.9] in detail). r
3.3. Types EI, EII, EIII and EIV
Let JC be the complex exceptional Jordan algebra. The complex conjugation
t of JC satisﬁes the equalities:
tðX  YÞ ¼ tX  tY ; tðX  YÞ ¼ tX  tY ; X ;Y A JC :
Here, we deﬁne an involutive automorphism l of E6 by
lðaÞ ¼ ta1; a A E6:
Then, from the deﬁnition of transpose: ð taX ;YÞ ¼ ðX ; aYÞ, we see that
lðaÞ ¼ tat; a A E6:
Let the C-linear transformations g, s of JC be the complexiﬁcation of
g A G2HF4, s A F4. Then we have that g; s A E6, g2 ¼ s2 ¼ 1. Hence, as in F4,
the group E6 has involutive inner automorphisms ~g, ~s induced by g; s : ~gðaÞ ¼
gag, ~sðaÞ ¼ sas, a A E6.
Now, the structures of the groups ðE6Þlg, ðE6Þg, ðE6Þs and ðE6Þl are as follows.
Theorem 3.3.1 ([EI]). The group ðE6Þlg is isomorphic to the group Spð4Þ=Z2 :
ðE6ÞlgG ðE6ÞtgGSpð4Þ=Z2, Z2 ¼ fE;Eg.
Proof. We deﬁne a mapping jE1 : Spð4Þ ! ðE6Þtg by
jE1ðPÞX ¼ g1ðPðgXÞPÞ; X A JC ;
where g : JC ! Jð4;HÞC0 is the C-linear isomorphism. This mapping induces the
required isomorphism (see [10, Section 3.12]). r
Remark. From lðaÞ ¼ tat and tg ¼ gt, we see that lðgagÞ ¼ tðgagÞt, a A E6.
Theorem 3.3.2 ([EII]). The group ðE6Þg isomorphic to the group ðSpð1Þ
SUð6ÞÞ=Z2 : ðE6ÞgG ðSpð1Þ  SUð6ÞÞ=Z2, Z2 ¼ fð1;EÞ; ð1;EÞg, where SUð6Þ
¼ fU AMð6;CÞ j ðt tUÞU ¼ 1; det U ¼ 1Þg.
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Proof. We deﬁne a mapping jE2 : Spð1Þ  SUð6Þ ! ðE6Þg by
jE2ðp;UÞðM þ aÞ ¼ k1J ðUðkJMÞ tUÞ þ pak1ðt tUÞ;
M þ a A Jð3;HÞCl ðH 3ÞC ¼ JC ;
where both of kJ : Jð3;HÞC ! Sð6;CÞ and k : Mð3;HÞC !Mð6;CÞ are the
C-linear isomorphisms. This mapping induces the required isomorphism (see
[10, Section 3.11]). r
Theorem 3.3.3 ([EIII]). The group ðE6Þs is isomorphic to the group ðUð1Þ
Spinð10ÞÞ=Z4 : ðE6ÞsG ðUð1Þ  Spinð10ÞÞ=Z4, Z4 ¼ fð1; f1ð1ÞÞ; ð1; f1ð1ÞÞ;
ði; f1ðiÞÞ; ði; f1ðiÞÞg.
Proof. We deﬁne a mapping jE3 : Uð1Þ  Spinð10Þ ! ðE6Þs by
jE3ðy; dÞ ¼ f1ðyÞd;
where f1ðyÞ : JC ! JC is the C-linear mapping and nothing but f deﬁned in
[10, Section 3.10]. This mapping induces the required isomorphism (see [10,
Section 3.10]). r
Theorem 3.3.4 ([EIV]). The group ðE6Þl is isomorphic to the group F4 : ðE6Þl
¼ ðE6ÞtGF4.
Proof. From the explanation at the beginning of this section, we have
ðE6ÞlG ðE6Þt, so by proving ðE6ÞtGF4 we have the required isomorphism
(see [10, Section 3.7]). r
3.4. Types EV, EVI and EVII
Let PC be the Freudenthal C-vector space. We deﬁne C-linear transfor-
mations l, g, s and i of PC by
gðX ;Y ; x; hÞ ¼ ðgX ; gY ; x; hÞ;
sðX ;Y ; x; hÞ ¼ ðsX ; sY ; x; hÞ;
lðX ;Y ; x; hÞ ¼ ðY ;X ; h;xÞ;
iðX ;Y ; x; hÞ ¼ ðiX ; iY ;ix; ihÞ; ðX ;Y ; x; hÞ A PC ;
where i A C and g, s of the right hand side are the same ones as g A G2H
F4HE6, s A F4HE6. Then we have that g; s; l; i A E7 and g2 ¼ s2 ¼ 1, l2 ¼
i2 ¼ 1. Hence, as in E6, the group E7 has involutive inner automorphisms
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~g, ~s induced by g; s : ~gðaÞ ¼ gag, ~sðaÞ ¼ sas, a A E7. Moreover, since 1 A zðE7Þ
(the center of E7), l, i induce involutive inner automorphisms ~l, ~i of E7 : ~lðaÞ ¼
lal1, ~iðaÞ ¼ iai1, a A E7.
Now, the structures of the groups ðE7Þlg, ðE7Þg and ðE7Þ i are as follows.
Theorem 3.4.1 ([EV]). The group ðE7Þlg is isomorphic to the group
SUð8Þ=Z2 : ðE7ÞlgG ðE7ÞtgGSUð8Þ=Z2, Z2 ¼ fE;Eg.
Proof. We deﬁne a mapping jE5 : SUð8Þ ! ðE7Þtg by
jE5ðAÞP ¼ w1ðAðwPÞ tAÞ; P A PC ;
where w : PC ! Sð8;CÞC is the C-linear isomorphism. This mapping induces the
required isomorphism (see [10, Section 4.12]). r
Remark. Since lg is conjugate to tg in E6, it is also in E7.
Theorem 3.4.2 ([EVI]). The group ðE7Þg is isomorphic to the group
ðSUð2Þ  Spinð12ÞÞ=Z2 : ðE7ÞgG ðE7Þs ¼ ðE7ÞsG ðSUð2Þ  Spinð12ÞÞ=Z2, Z2 ¼
fðE; 1Þ; ðE;sÞg.
Proof. We deﬁne a mapping jE6 : SUð2Þ  Spinð12Þ ! ðE7Þs by
jE6ðA; bÞ ¼ f2ðAÞb;
where f2ðAÞ : PC ! PC is the C-linear mapping and nothing but j2 deﬁned in
[10, Section 4.11]. This mapping induces the required isomorphism (see [10,
Section 4.11]). r
Remark. As for the fact that g is conjugate to s in E7, see [12, Prop-
osition 4.3.5 (3)].
Theorem 3.4.3 ([EVII]). The group ðE7Þ i is isomorphic to the group
ðUð1Þ  E6Þ=Z3 : ðE7Þ iG ðUð1Þ  E6Þ=Z3, Z3 ¼ fð1; 1Þ; ðo; fðo2ÞÞ; ðo2; fðoÞÞg,
where o A C, o3 ¼ 1, o0 1.
Proof. We deﬁne a mapping jE7 : Uð1Þ  E6 ! ðE7Þ i by
jE7ðy; bÞ ¼ fðyÞb;
where fðyÞ : PC ! PC is the C-linear mapping. This mapping induces the
required isomorphism (see [10, Section 4.10]). r
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3.5. Types EVIII and EIX
Let eC8 be 248 dimensional C-vector space. We deﬁne C-linear transfor-
mations lo, g and u of eC8 by
loðj;P;Q; r; s; tÞ ¼ ðljl1; lQ;lP;r;t;sÞ;
gðj;P;Q; r; s; tÞ ¼ ðgjg; gP; gQ; r; s; tÞ;
uðj;P;Q; r; s; tÞ ¼ ðj;P;Q; r; s; tÞ; ðj;P;Q; r; s; tÞ A eC8 ;
where l, g of right hand side are same ones l A E7, g A G2HF4HE6HE7. Then
we have that lo; g; u A E8 and l
2
o ¼ g2 ¼ u2 ¼ 1. Hence lo, g, u induce involutive
inner automorphisms ~lo, ~g, ~u of E8 : ~loðaÞ ¼ ðloÞaðloÞ, ~gðaÞ ¼ gag, ~uðaÞ ¼ uau,
a A E8. (Remark. lo is nothing but ll
0 deﬁned in [10, Section 5.5].)
Now, the structures of the groups ðE8Þlog and ðE8Þu are as follows.
Theorem 3.5.1 ([EVIII]). The group ðE8Þlog is isomorphic to the group
Ssð16Þ : ðE8ÞlogGSsð16Þ.
Proof. Since the homomorphism between ðE8Þlog and Ssð16Þ is not found
in E8 deﬁned in Section 2.5 until now, we omit this proof (see [10, Section 5.8]).
r
Theorem 3.5.2 ([EIX]). The group ðE8Þu is isomorphic to the group
ðSUð2Þ  E7Þ=Z2 : ðE8ÞuG ðSUð2Þ  E7Þ=Z2, Z2 ¼ fðE; 1Þ; ðE;1Þg.
Proof. We deﬁne a mapping jE9 : SUð2Þ  E7 ! ðE7Þu by
jE9ðA; bÞ ¼ f3ðAÞb;
where f3ðAÞ : eC8 ! eC8 is the C-linear transformation and nothing but j3ðAÞ
deﬁned in [10, Theorem 5.7.4]. This mapping induces the required isomorphism
(see [10, Section 5.7]). r
4. Globally Exceptional Z2  Z2-Symmetric Spaces
In this chapter, for G ¼ G2;F4;E6;E7 or E8, we determine the type ðG=Gs;
G=G t;G=GstÞ of globally exceptional Z2  Z2-symmetric space and the structure
of group Gs VG t by giving a pair of involutive inner automorphisms ~s and ~t of
G. Most of fundamental K-linear transformations and involutive automorphisms
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used hereafter are deﬁned in previous chapter, where K ¼ R;C, and others are
deﬁned each times.
Even if some proofs of this chapter are similar to ones of the preceding
articles [5], [6], [7], [8], [10], [11], [12] and [13], we rewrite in detail again as much
as possible. As mentioned in Tables 1, 2, we also omit a sing@ for the elements
of Z2  Z2.
 [G2] We study one type in here.
4.1. Type G-G-G
In this section, we give a pair of involutive inner automorphisms ~g and ~gH .
We deﬁne R-linear transformations gH , gC of H by
gHðaþ be2Þ ¼ a be2;
gCðaþ be2Þ ¼ aþ be2; aþ be2 A ClCe2 ¼ H :
Then gH , gC are naturally extended to R-linear transformations gH , gC of C as
follows:
gHðxþ ye4Þ ¼ gHxþ ðgH yÞe4;
gCðxþ ye4Þ ¼ gCxþ ðgC yÞe4; xþ ye4 A HlHe4 ¼ C:
Needless to say, we have that gH ; gC A G2, g
2
H ¼ g2C ¼ 1, ggH ¼ gHg, ggC ¼ gCg.
Hence gH , gC induce involutive inner automorphisms ~gH , ~gC of G2 : ~gHðaÞ ¼
gHagH , ~gCðaÞ ¼ gCagC , a A G2.
Lemma 4.1.1. In G2, we have the following facts.
(1) g is conjugate to both of gH and ggH : g@ gH , g@ ggH .
(2) g is conjugate to both of gC and ggC : g@ gC , g@ ggC .
Proof. (1) We deﬁne R-linear isomorphisms d1; d2 : C! C by
d1 : 1 7! 1; e1 7! e1; e2 7! e4; e3 7! e5; e4 7! e2; e5 7! e3; e6 7! e6; e7 7! e7;
d2 : 1 7! 1; e1 7! e1; e2 7! e6; e3 7! e7; e4 7! e4; e5 7! e5; e6 7! e2; e7 7! e3;
respectively where 1 and ek, k ¼ 1; 2; . . . ; 7 are the basis of C. Then we see
d1; d2 A G2, d
2
1 ¼ d22 ¼ 1. Hence, by straightforward computation, we have
d1g ¼ gHd1, d2g ¼ ðggHÞd2, that is, g@ gH , g@ ggH in G2.
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(2) We deﬁne R-linear transformations d3; d4 : C! C by
d3 : 1 7! 1; e1 7! e4; e2 7! e2; e3 7! e6; e4 7! e1; e5 7! e5; e6 7! e3; e7 7! e7;
d4 : 1 7! 1; e1 7! e5; e2 7! e2; e3 7! e7; e4 7! e4; e5 7! e1; e6 7! e6; e7 7! e3;
respectively. Then as in (1) above, we have that d3; d4 A G2, d
2
3 ¼ d24 ¼ 1, d3g ¼
gCd3, d4g ¼ ðggCÞd4, that is, g@ gC , g@ ggC in G2. r
We have the following proposition which is the direct result of Lemma 4.1.1.
Proposition 4.1.2. The group ðG2Þg is isomorphic to both of the groups
ðG2ÞgH and ðG2ÞggH : ðG2ÞgG ðG2ÞgH G ðG2ÞggH .
From the result of type G in Table 2 and Proposition 4.1.2, we have the
following theorem.
Theorem 4.1.3. For Z2  Z2 ¼ f1; gg  f1; gHg, the Z2  Z2-symmetric space
is of type ðG2=ðG2Þg;G2=ðG2ÞgH ;G2=ðG2ÞggH Þ ¼ ðG2=ðG2Þg;G2=ðG2Þg;G2=ðG2ÞgÞ,
that is, (G, G, G), abbreviated as G.
Here, we prove lemma needed and make some preparations for theorem below.
Lemma 4.1.4. The mapping jG : Spð1Þ  Spð1Þ ! ðG2Þg of Theorem 3.1.1
satisﬁes the following equalities:
ð1Þ gH ¼ jGðe1; e1Þ; gC ¼ jGðe2; e2Þ:
ð2Þ gHjGðp; qÞgH ¼ jGðgHp; gHqÞ:
Proof. The proof of (1) is omitted (see [11, Lemma 1.3.3] in detail). The
equality of (2) is the direct result of (1). r
Consider a group Z2 ¼ f1; gCg. Then the group Z2 ¼ f1; gCg acts on the
group Uð1Þ Uð1Þ by
gCða; bÞ ¼ ðgCa; gCbÞ
and let ðUð1Þ Uð1ÞÞzZ2 be the semi-direct product of Uð1Þ Uð1Þ and Z2
with this action.
Now, we determine the structure of the group ðG2Þg V ðG2ÞgH .
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Theorem 4.1.5. We have that ðG2Þg V ðG2ÞgH G ðUð1Þ Uð1ÞÞ=Z2zZ2,
Z2 ¼ fð1; 1Þ; ð1;1Þg, Z2 ¼ f1; gCg.
Proof. We deﬁne a mapping j415 : ðUð1Þ Uð1ÞÞz f1; gCg ! ðG2Þg V
ðG2ÞgH by
j415ða; b; 1Þ ¼ jGða; bÞ;
j415ða; b; gCÞ ¼ jGða; bÞgC ;
where jG is deﬁned in Theorem 3.1.1. From ggC ¼ gCg, ggH ¼ gHg and Lemma
4.1.4 (1), we have j415ða; b; 1Þ; j415ða; b; gCÞ A ðG2Þg V ðG2ÞgH . Hence j415 is
well-deﬁned. Using ðae2Þc ¼ ðacÞe2, a; c A Uð1Þ, we can conﬁrm that j415 is a
homomorphism. Indeed, we show that the case of j415ða; b; gCÞj415ðc; d; 1Þ ¼
j415ðða; b; gCÞðc; d; 1ÞÞ as example. For the left hand side of this equality, we have
that
j415ða; b; gCÞj415ðc; d; 1Þ ¼ ðjGða; bÞgCÞjGðc; dÞ
¼ ðjGða; bÞjGðe2; e2ÞÞjGðc; dÞ
¼ jGððae2Þc; ðbe2ÞdÞ
¼ jGððacÞe2; ðbdÞe2Þ:
On the other hand, for the right hand side of same one, we have that
j415ðða; b; gCÞðc; d; 1ÞÞ ¼ j415ðða; bÞgCðc; dÞ; gCÞ
¼ jGðaðgCcÞ; bðgCdÞÞgC
¼ jGðac; bdÞjGðe2; e2Þ
¼ jGððacÞe2; ðbdÞe2Þ
that is, j415ða; b; gCÞj415ðc; d; 1Þ ¼ j415ðða; b; gCÞðc; d; 1ÞÞ. Similarly, the other cases
are shown.
We shall show that j415 is surjection. Let a A ðG2Þg V ðG2ÞgH . Since ðG2Þg V
ðG2ÞgH H ðG2Þg, there exist p; q A Spð1Þ such that a ¼ jGðp; qÞ (Theorem 3.1.1).
Moreover, from a ¼ jGðp; qÞ A ðG2ÞgH , that is, gHjGðp; qÞgH ¼ jGðp; qÞ, we have









In the former case, we see that p; q A Uð1Þ, then set p ¼ a, q ¼ b, a; b A Uð1Þ.
Hence we have that a ¼ jGða; bÞ ¼ j415ða; b; 1Þ. In the latter case, we can ﬁnd the
explicit form of p, q as follows: p ¼ p2e2 þ p3e3 ¼ ðp2 þ p3e1Þe2, q ¼ q2e2 þ q3e3
¼ ðq2 þ q3e1Þe2, pk; qk A R, k ¼ 2; 3, that is, p; q A Uð1Þe2 ¼ fue2 j u A Uð1Þg.
Then, set p ¼ ae2, q ¼ be2, a; b A Uð1Þ, by using gC ¼ jGðe2; e2Þ (Lemma 4.1.4
(1)), we have that
a ¼ jGðae2; be2Þ ¼ jGða; bÞjGðe2; e2Þ ¼ jGða; bÞgC ¼ j415ða; b; gCÞ:
Thus j415 is surjection.
From Ker jG ¼ fð1; 1Þ; ð1;1Þg, we can easily obtain that Ker j415 ¼
fð1; 1; 1Þ; ð1;1; 1ÞgG ðZ2; 1Þ.
Therefore we have the required isomorphism
ðG2Þg V ðG2ÞgH G ðUð1Þ Uð1ÞÞ=Z2zZ2: r
 [F4] We study three types in here.
4.2. Type FI-I-I
In this section, we give a pair of involutive inner automorphisms ~g and ~gH .






1CA; gCX ¼ x1 gCx3 gCx2gCx3 x2 gCx1
gHx2 gCx1 x3
0B@
1CA; X A J;
where gH , gC of the right hand side are the same ones as gH ; gC A G2. Then we
have that gH ; gC A F4, g
2
H ¼ g2C ¼ 1. Hence gH , gC induce involutive inner
automorphisms ~gH , ~gC of F4 : ~gHðaÞ ¼ gHagH , ~gCðaÞ ¼ gCagC , a A F4. (Remark.
In F4, we use gC , however we do not use ~gC .)
Moreover, using the inclusion G2HF4, the R-linear transformations d1, d2







1CA; X A J; k ¼ 1; 2:
Then we see d1; d2 A F4, d
2
1 ¼ d22 ¼ 1. As in G2, since we easily see that g@ gH ,
g@ ggH in F4, we have the following proposition.
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Proposition 4.2.1. The group ðF4Þg is isomorphic to both of the groups
ðF4ÞgH and ðF4ÞggH : ðF4ÞgG ðF4ÞgH G ðF4ÞggH .
From the result of type FI in Table 2 and Proposition 4.2.1, we have the
following theorem.
Theorem 4.2.2. For Z2  Z2 ¼ f1; gg  f1; gHg, the Z2  Z2-symmetric space
is of type ðF4=ðF4Þg;F4=ðF4ÞgH ;F4=ðF4ÞggH Þ ¼ ðF4=ðF4Þg;F4=ðF4Þg;F4=ðF4ÞgÞ, that
is, type (FI, FI, FI), abbreviated as FI-I-I.
Here, we prove lemma needed and make some preparations for the theorem
below.
Lemma 4.2.3. The mapping jF1 : Spð1Þ  Spð3Þ ! ðF4Þg of Theorem 3.2.1
satisﬁes the following equalities:
ð1Þ gH ¼ jF1ðe1; e1EÞ; gC ¼ jF1ðe2; e2EÞ:
ð2Þ gHjF1ðp;AÞgH ¼ jF1ðgHp; gHAÞ:
Proof. The proof of (1) is omitted (see [11, Lemma 2.3.4] in detail). The
equality of (2) is the direct result of (1). r
Consider a group Z2 ¼ f1; gCg. Then the group Z2 ¼ f1; gCg acts on the
group Uð1Þ Uð3Þ by
gCða;BÞ ¼ ðgCa; gCBÞ
and let ðUð1Þ Uð3ÞÞzZ2 be the semi-direct product of Uð1Þ Uð3Þ and Z2
with this action.
Now, we determine the structure of the group ðF4Þg V ðF4ÞgH .
Theorem 4.2.4. We have that ðF4Þg V ðF4ÞgH G ðUð1Þ Uð3ÞÞ=Z2zZ2,
Z2 ¼ fð1;EÞ; ð1;EÞg, Z2 ¼ f1; gCg.
Proof. We deﬁne a mapping j424 : ðUð1Þ Uð3ÞÞzf1; gCg ! ðF4Þg V ðF4ÞgH
by
j424ða;B; 1Þ ¼ jF1ða;BÞ;
j424ða;B; gCÞ ¼ jF1ða;BÞgC ;
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where jF1 is deﬁned in Theorem 3.2.1. As the proof of Theorem 4.1.5, it is easily
to verify that j424 is well-deﬁned and a homomorphism.
We shall show that j424 is surjection. Let a A ðF4Þg V ðF4ÞgH . Since ðF4Þg V
ðF4ÞgH H ðF4Þg, there exist p A Spð1Þ and A A Spð3Þ such that a ¼ jF1ðp;AÞ
(Theorem 3.2.1). Moreover, from a ¼ jF1ðp;AÞ A ðF4ÞgH , that is, gHjF1ðp;AÞgH ¼









In the former case, we easily see that p A Uð1Þ, A A Uð3Þ, then set p ¼ a A Uð1Þ
and A ¼ B A Uð3Þ. Hence we have that a ¼ jF1ða;BÞ ¼ j424ða;B; 1Þ. In the latter
case, in the way similar to the former case of Theorem 4.1.5 we ﬁnd that
p A Uð1Þe2 ¼ fue2 j u A Uð1Þg, A A Uð3Þðe2EÞ ¼ fBðe2EÞ jB A Uð3Þg. Then, set
p ¼ ae2, A ¼ Bðe2EÞ, a A Uð1Þ, B A Uð3Þ, by using gC ¼ jF1ðe2; e2EÞ (Lemma
4.2.3 (1)), we have that
a ¼ jF1ðae2;Bðe2EÞÞ ¼ jF1ða;BÞjF1ðe2; e2EÞ ¼ jF1ða;BÞgC ¼ j424ða;B; gCÞ:
Thus j423 is surjection.
From Ker jF1 ¼ fð1;EÞ; ð1;EÞg, we can easily obtain that Ker j424 ¼
fð1;E; 1Þ; ð1;E; 1ÞgG ðZ2; 1Þ.
Therefore we have the required isomorphism
ðF4Þg V ðF4ÞgH G ðUð1Þ Uð3ÞÞ=Z2zZ2: r
4.3. Type FI-I-II
In this section, we give a pair of involutive inner automorphisms ~g and fgs.
Lemma 4.3.1. In F4, g is conjugate to gs : g@ gs.






1CA; X A J:
Then we have that d5 A F4, d
2
3 ¼ 1, d5g ¼ ðgsÞd5, that is, g@ gs in F4. r
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We have the following proposition which is the direct result of Lemma 4.3.1.
Proposition 4.3.2. The group ðF4Þg is isomorphic to the group ðF4Þgs :
ðF4ÞgG ðF4Þgs.
From the result of types FI, FII in Table 2 and Proposition 4.3.2, we have
the following theorem.
Theorem 4.3.3. For Z2  Z2 ¼ f1; gg  f1; gsg, the Z2  Z2-symmetric space
is of type ðF4=ðF4Þg;F4=ðF4Þgs;F4=ðF4ÞgðgsÞÞ ¼ ðF4=ðF4Þg;F4=ðF4Þg;F4=ðF4ÞsÞ, that
is, type (FI, FI, FII), abbreviated as FI-I-II.
Here, we prove lemma needed in theorem below.
Lemma 4.3.4. The mapping jF1 : Spð1Þ  Spð3Þ ! ðF4Þg of Theorem 3.2.1
satisﬁes the following equalities:
ð1Þ g ¼ jF1ð1;EÞ; s ¼ jF1ð1; I1Þ:
ð2Þ gjF1ðp;AÞg ¼ jF1ðp;AÞ; sjF1ðp;AÞs ¼ jF1ðp; I1AI1Þ;
where I1 ¼ diagð1; 1; 1Þ.
Proof. The proof of (1) is omitted (see [11, Lemma 2.3.4] in detail). The
equalities of (2) are the direct result of (1). r
Now, we determine the structure of the group ðF4Þg V ðF4Þgs.
Theorem 4.3.5. We have that ðF4Þg V ðF4ÞgsG ðSpð1Þ  Spð1Þ  Spð2ÞÞ=Z2,
Z2 ¼ fð1; 1;EÞ; ð1;1;EÞg.
Proof. We deﬁne a mapping j435;Spð1Þ  Spð1Þ  Spð2Þ ! ðF4Þg V ðF4Þgs
by
j435ðp; q;BÞ ¼ jF1ðp; hðq;BÞÞ;




mapping j435 is the restriction of the mapping jF1, it is easily to verify that j435
is well-deﬁned and a homomorphism.
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We shall show that j435 is surjection. Let a A ðF4Þg V ðF4Þgs. Since ðF4Þg V
ðF4ÞgsH ðF4Þg, there exist p A Spð1Þ and A A Spð3Þ such that a ¼ jF1ðp;AÞ
(Theorem 3.2.1). Moreover, from a ¼ jF1ðp;AÞ A ðF4Þgs, that is, ðgsÞjF1ðp;AÞðsgÞ
¼ jF1ðp;AÞ, using gjF1ðp;AÞg ¼ jF1ðp;AÞ and sjF1ðp;AÞs ¼ jF1ðp; I1AI1Þ








In the former case, it is trivial that p A Spð1Þ, and we get the explicit form of
A A Spð3Þ as follows:
A ¼ q 0
0 B
 
; q A Spð1Þ; B A Spð2Þ:
Hence we have a ¼ jF1ðp; hðq;BÞÞ ¼ j435ðp; q;BÞ. In the latter case, this case is
impossible because of p ¼ 0 for p A Spð1Þ. Thus j435 is surjection.
From Ker jF1 ¼ fð1;EÞ; ð1;EÞg, we can easily obtain that Ker j435 ¼
fð1; 1;EÞ; ð1;1;EÞgGZ2.
Therefore we have the required isomorphism
ðF4Þg V ðF4ÞgsG ðSpð1Þ  Spð1Þ  Spð2ÞÞ=Z2: r
4.4. Type FII-II-II
In this section, we give a pair of involutive inner automorphisms ~s and ~s 0.






1CA; X A J:
Then we have that s 0 A F4, s 0
2 ¼ 1, ss 0 ¼ s 0s. Hence s 0 induces involutive inner
automorphism ~s 0 of F4 : ~s 0ðaÞ ¼ s 0as 0, a A F4.
Lemma 4.4.1. In F4, s is conjugate to both of s
0 and ss 0 : s@ s 0; s@ ss 0.






1CA; d7X ¼ x2 x3 x1x3 x1 x2
x1 x2 x3
0B@
1CA; X A J:
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Then we have that d6; d7 A F4, d
2
6 ¼ d27 ¼ 1. Hence, by straightforward compu-
tation, we have that d6s ¼ s 0d6, d7s ¼ ðss 0Þd7, that is, s@ s 0, s@ ss 0 in F4.
r
We have the following proposition which is the direct result of Lemma 4.4.1.










From the result of type FII in Table 2 and Proposition 4.4.2, we have the
following theorem.
Theorem 4.4.3. For Z2  Z2 ¼ f1; sg  f1; s 0g, the Z2  Z2-symmetric space
is of type ðF4=ðF4Þs;F4=ðF4Þs
0
;F4=ðF4Þss
0 Þ ¼ ðF4=ðF4Þs;F4=ðF4Þs;F4=ðF4ÞsÞ, that
is, type (FII, FII, FII), abbreviated as FII-II-II.
Here, we prove lemma needed in the theorem below.
Lemma 4.4.4. The Lie algebra ðf4Þs V ðf4Þs
0





0 ¼ fD A soð8Þg ¼ soð8Þ:
In particular, we have
dimððf4Þs V ðf4Þs
0 Þ ¼ 28:
Proof. Since any element d of the Lie algebra f4 of the group F4 is uniquely
expressed as
d ¼ Dþ ~A1ða1Þ þ ~A2ða2Þ þ ~A3ða3Þ; D A soð8Þ; ai A C; k ¼ 1; 2; 3;
where ~AkðakÞ, k ¼ 1; 2; 3 are R-linear mapping of J (see [10, Section 2.2] in
detail). Using
sds ¼ Dþ ~A1ða1Þ þ ~A2ða2Þ þ ~A3ða3Þ;
s 0ds 0 ¼ Dþ ~A1ða1Þ þ ~A2ða2Þ þ ~A3ða3Þ;
we can easily prove this lemma. r




Theorem 4.4.5. We have that ðF4Þs V ðF4Þs
0
GSpinð8Þ.
Proof. Let Spinð8Þ ¼ fða1; a2; a3Þ A SOð8Þ  SOð8Þ  SOð8Þ j ða1xÞða2 yÞ ¼
a3ðxyÞ; x; y A Cg. We deﬁne a mapping j445 : Spinð8Þ ! ðF4Þs V ðF4Þs
0
by





1CA; X A J:
It is easily to verify that j445 is well-deﬁned, a homomorphism and injection.
We shall show that j445 is surjection. From ðF4ÞsGSpinð9Þ ([5, Proposition
1.4]), we have that ðF4Þs V ðF4Þs
0 ¼ ððF4ÞsÞs
0
G ðSpinð9ÞÞs 0 . Hence ðF4Þs V ðF4Þs
0
is connected. Moreover, together with dimððf4Þs V ðf4Þs
0 Þ ¼ 28 ¼ dimðsoð8ÞÞ
(Lemma 4.4.4), we have that j445 is surjection.




 [E6] We study eight types in here.
4.5. Type EI-I-II
In this section, we give a pair of involutive automorphisms l~g and lggC .
Let the C-linear transformations gH , gC of J
C be the complexiﬁcation of
gH ; gC A G2HF4. Then we have that gH ; gC A E6, g
2
H ¼ g2C ¼ 1, so gC induces
involutive inner automorphism fgC of E6 : fgCðaÞ ¼ gCagC , a A E6.
Using the inclusion G2HF4HE6, the R-linear transformations d3, d4 deﬁned
in Lemma 4.1.1 are naturally extended to C-linear transformations of JC . Hence,
as in G2, since we easily see that d3g ¼ gCd3, d4g ¼ ggCd4 as d3; d4 A E6, that is,
g@ gC , g@ ggC in E6, we have the following proposition.
Proposition 4.5.1. (1) The group ðE6Þlg is isomorphic to the group ðE6ÞlggC :
ðE6ÞlgG ðE6ÞlggC .
(2) The group ðE6Þg is isomorphic to the group ðE6ÞgC : ðE6ÞgG ðE6ÞgC .
Proof. (1) We deﬁne a mapping f : ðE6Þlg ! ðE6ÞlggC by
f ðaÞ ¼ d4ad4:
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In order to prove this proposition, it is su‰cient to show that the mapping f is
well-deﬁned. Indeed, it follows from g@ ggC that
lðggC f ðaÞgCgÞ ¼ tðggCðd4ad4ÞgCgÞ1 ¼ ggCðd t4a1d4ÞgCg
¼ d4ðglðaÞgÞd4 ¼ d4ad4 ¼ f ðaÞ;
that is, f ðaÞ A ðE6ÞlggC .
(2) This isomorphism is the direct result of g@ gC . r
From the result of types EI, EII in Table 2 and Proposition 4.5.1, we have
the following theorem.
Theorem 4.5.2. For Z2  Z2 ¼ f1; lgg  f1; lggCg, the Z2  Z2-symmetric
space is of type ðE6=ðE6Þlg;E6=ðE6ÞlggC ;E6=ðE6ÞðlgÞðlggCÞÞ ¼ ðE6=ðE6Þlg;E6=ðE6ÞlggC ;
E6=ðE6ÞgC Þ ¼ ðE6=ðE6Þlg;E6=ðE6Þlg;E6=ðE6ÞgÞ, that is, type (EI, EI, EII), abbre-
viated as EI-I-II.
Here, we prove lemma and proposition needed and make some preparations
for the theorem below.
Lemma 4.5.3. The mapping jE2 : Spð1Þ  SUð6Þ ! ðE6Þg of Theorem 3.3.2
satisﬁes the following equalities:
ð1Þ g ¼ jE2ð1;EÞ; gH ¼ jE2ðe1; iIÞ; gC ¼ jE2ðe2; JÞ; s ¼ jE2ð1; I2Þ:
ð2Þ gjE2ðp;UÞg ¼ jE2ðp;UÞ; gHjE2ðp;UÞgH ¼ jE2ðgHp; IUIÞ;
gCjE2ðp;UÞgC ¼ jE2ðgCp;JUJÞ; sjE2ðp;UÞs ¼ jE2ðp; I2UI2Þ:
ð3Þ lðjE2ðp;UÞÞ ¼ jE2ðp;JðtUÞJÞ;
where i A C, I ¼ diagð1;1; 1;1; 1;1Þ, J ¼ diagðJ1; J1; J1Þ, J1 ¼ 0 11 0
 
,
I2 ¼ diagð1;1; 1; 1; 1; 1Þ.
Proof. The proof of (1) is omitted (see [11, Lemmas 3.5.7, 3.5.10] in detail).
The equalities of (2) are the direct results of (1).




¼ tðjE2ðp;UÞÞtðM þ aÞ ðsee Section 3:3Þ
¼ tðjE2ðp;UÞÞðtM þ taÞ
¼ tðk1J ðUkJðtMÞ tUÞ þ pðtaÞk1ðt tUÞÞ
¼ tk1ððUkJðtMÞ tUÞJÞ þ patk1ðt tUÞ
¼ k1ðJðtUÞJðkMÞð tUÞðEÞÞ þ pak1ðt tðJðtUÞJÞÞ
¼ k1ððJðtUÞJÞðkMÞJðJðt tUÞJÞðJÞÞ þ pak1ðt tðJðtUÞJÞÞ
¼ k1J ððJðtUÞJÞðkJMÞ tððJðtUÞJÞÞÞ þ pak1ðt 0ðJðtUÞJÞÞ
¼ jE2ðp;JðtUÞJÞðM þ aÞ;
that is, lðjE2ðp;UÞÞ ¼ jE2ðp;JðtUÞJÞ. r
Proposition 4.5.4. The group ðE6Þlg V ðE6ÞlggC is isomorphic to the group
ðE6Þlg V ðE6ÞgC : ðE6Þlg V ðE6ÞlggCG ðE6Þlg V ðE6ÞgC .
Proof. We deﬁne a mapping g : ðE6Þlg V ðE6ÞlggC ! ðE6Þlg V ðE6ÞgC by
gðaÞ ¼ lðaÞ:
In order to prove this proposition, it is su‰cient to show that the mapping g is
well-deﬁned. Indeed, it follows from lðgÞ ¼ g, lðgCÞ ¼ gC that
lðggðaÞgÞ ¼ lðglðaÞgÞ ¼ lðaÞ ¼ gðaÞ and
gCgðaÞgC ¼ gClðaÞgC ¼ gðggClðaÞgCgÞg ¼ gag ¼ gðglðaÞgÞg ¼ lðaÞ ¼ gðaÞ;
that is, gðaÞ A ðE6Þlg and gðaÞ A ðE6ÞgC . r
Let fa ¼ xþ ye2 j aa ¼ 1; x; y A RgHSpð1Þ be a group which is isomorphic
to the ordinary unitary group Uð1Þ, so this group is also denoted by Uð1Þ. In this
section, we use this as Uð1Þ.
Consider a group Z2 ¼ f1; gHg. Then the group Z2 ¼ f1; gHg acts on the
group Uð1Þ  SOð6Þ by
gHða;AÞ ¼ ða; ðiIÞAðiIÞ1Þ;
where I ¼ diagð1;1; 1;1; 1;1Þ, and let ðUð1Þ  SOð6ÞÞzZ2 be the semi-
direct product of Uð1Þ  SOð6Þ and Z2 with this action.
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Now, we determine the structure of the group ðE6Þlg V ðE6ÞlggC .
Theorem 4.5.5. We have that ðE6Þlg V ðE6ÞlggCG ðUð1Þ  SOð6ÞÞ=Z2zZ2,
Z2 ¼ fð1;EÞ; ð1;EÞg, Z2 ¼ f1; gHg.
Proof. We deﬁne a mapping ðUð1Þ  SOð6ÞÞz f1; gHg ! ðE6Þlg V ðE6ÞgC
by
j456ðða;AÞ; 1Þ ¼ d7jE2ða;AÞd7;
j456ðða;AÞ; gHÞ ¼ d7ðjE2ða;AÞgHÞd7;
where jE2, d7 are deﬁned in Theorem 3.3.2, Lemma 4.5.1, respectively. From
Lemmas 4.5.1, 4.5.4, we have j456ðða;AÞ; 1Þ; j456ðða;AÞ; gHÞ A ðE6Þlg V ðE6ÞgC .
Hence j456 is well-deﬁned. Using gH ¼ jE2ðe1; iIÞ (Lemma 4.5.4 (1)), we can
conﬁrm that j456 is a homomorphism. Indeed, we show that the case of
j456ðða;AÞ; gHÞj456ððb;BÞ; 1Þ ¼ j456ððða;AÞ; gHÞððb;BÞ; 1ÞÞ as example. For the left
hand side of this equality, we have that
j456ðða;AÞ; gHÞj456ððb;BÞ; 1Þ ¼ ðd7ðjE2ða;AÞgHÞd7Þðd7jE2ðb;BÞd7Þ
¼ ðd7ðjE2ða;AÞjE2ðe1; iIÞÞd7Þðd7jE2ðb;BÞd7Þ
¼ d7ðjE2ðab;AðiIÞBðiIÞ1ÞgHÞd7:
On the other hand, for the right hand side of same one, we have that
j456ððða;AÞ; gHÞððb;BÞ; 1ÞÞ ¼ j456ðða;AÞgHðb;BÞ; gHÞ
¼ j456ððab;AðiIÞBðiIÞ1Þ; gHÞ
¼ d7ðjE2ðab;AðiIÞBðiIÞ1ÞgHÞd7;
that is, j456ðða;AÞ; gHÞj456ððb;BÞ; 1Þ ¼ j456ððða;AÞ; gHÞððb;BÞ; 1ÞÞ. Similarly, the
other cases are shown.
We shall show that j456 is surjection. Let a A ðE6Þlg V ðE6ÞgC . Hence, since
a A ðE6Þlg V ðE6ÞgCH ðE6ÞgCG ðE6Þg (Proposition 4.5.2 (2)), there exist p A Spð1Þ
and U A SUð6Þ such that a ¼ d7jE2ðp;UÞd7 (Theorem 3.3.2). Moreover, from
a ¼ d7jE2ðp;UÞd7 A ðE6Þlg, that is, lðgðd7jE2ðp;UÞd7ÞgÞ ¼ d7jE2ðp;UÞd7, using
gCjE2ðp;UÞgC ¼ jE2ðgCp;JUJÞ and lðjE2ðp;UÞÞ ¼ jE2ðp;JðtUÞJÞ (Lemma






tU ¼ U :

264 Toshikazu Miyashita
In the former case, we see that p A Uð1Þ ¼ fa ¼ p0 þ p2e2 j aa ¼ 1g and U A
SOð6Þ. Hence we have that a ¼ d7jE2ða;AÞd7 ¼ j456ðða;AÞ; 1Þ. In the latter case,
we can ﬁnd the explicit forms of p A Spð1Þ, U A SUð6Þ as follows:
p ¼ p1e1 þ p2e3 ¼ ae1ða ¼ p1  p2e2 A Uð1ÞÞ; U ¼ AðiIÞ; A A SOð6Þ:
Hence we have that
a ¼ d7ðjE2ðae1;AðiIÞÞÞd7 ¼ d7ðjE2ða;AÞjE2ðe1; iIÞÞd7
¼ d7ðjE2ða;AÞgHÞÞd7 ¼ j456ðða;AÞ; gHÞ:
Thus j456 is surjection.
From Ker jE2 ¼ fð1;EÞ; ð1;EÞg, we can easily obtain that Ker j456 ¼
fðð1;EÞ; 1Þ; ðð1;EÞ; 1ÞgG ðZ2; 1Þ. Therefore we have the following isomor-
phism ðE6Þlg V ðE6ÞgCG ðUð1Þ  SOð6ÞÞ=Z2z f1; gHg:
Namely, from Proposition 4.5.5, we have the required isomorphism
ðE6Þlg V ðE6ÞlggCG ðUð1Þ  SOð6ÞÞ=Z2zZ2: r
4.6. Type EI-I-III
In this section, we give a pair of involutive automorphisms l~g and lfgs.
Using the inclusion F4HE6, the R-linear transformation d5 deﬁned in
Lemma 4.3.1 is naturally extended to C-linear transformation of JC . Hence, as
in F4, we easily see that d5g ¼ ðgsÞd5 as d5 A F4HE6, that is, g@ gs in E6.
Proposition 4.6.1. The group ðE6Þlg is isomorphic to the group ðE6Þlgs :
ðE6ÞlgG ðE6Þlgs.
Proof. We deﬁne a mapping f : ðE6Þlg ! ðE6Þlgs by
f ðaÞ ¼ d5ad15 ;
where d5 is same one above. (Remark. since d5 A F4, it follows that lðd5Þ ¼ d5.)
In order to prove this proposition, it is su‰cient to show that the mapping f is
well-deﬁned. However, it is almost evident from lðd5Þ ¼ d5 and d5g ¼ ðgsÞd5.
r
From the result of types EI, EIII in Table 2 and Proposition 4.6.1, we have
the following theorem.
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Theorem 4.6.2. For Z2  Z2 ¼ f1; lgg  f1; lgsg, the Z2  Z2-symmetric
space is of type ðE6=ðE6Þlg;E6=ðE6Þlgs;E6=ðE6ÞðlgÞðlgsÞÞ ¼ ðE6=ðE6Þlg;E6=ðE6Þlg;
E6=ðE6ÞsÞ, that is, type (EI, EI, EIII), abbreviated as EI-I-III.
Here, we prove lemma needed and make some preparations for the theorem
below.
Lemma 4.6.3. The mapping jE1 : Spð4Þ ! ðE6Þlg of Theorem 3.3.1 satisﬁes
the following equalities:
ð1Þ g ¼ jE1ðI1Þ; s ¼ jE1ðI2Þ:
ð2Þ gjE1ðPÞg ¼ jE1ðI1PI1Þ; sjE1ðPÞs ¼ jE1ðI2PI2Þ:
ð3Þ lðjE1ðPÞÞ ¼ jE1ðI1PI1Þ;
where I1 ¼ diagð1; 1; 1; 1Þ, I2 ¼ diagð1;1; 1; 1Þ.
Proof. The proof of (1) is omitted (see [11, Lemma 3.4.4] in detail). The
equalities of (2) are the direct results of (1). As for (3), from lðjE1ðPÞÞ ¼
tjE1ðPÞt, it is easily obtained. r
We deﬁne some element r A ðE6Þlg by
r ¼ jE1ðJEÞ;
where JE ¼ 0 E
E 0
 
A Spð4Þ, E ¼ 1 0
0 1
 
. Then we easily see r2 ¼ 1.
Consider a group Z2 ¼ f1; rg. Then the group Z2 ¼ f1; rg acts on the group
Spð2Þ  Spð2Þ by
rðA;BÞ ¼ ðB;AÞ;
and let ðSpð2Þ  Spð2ÞÞzZ2 be the semi-product of Spð2Þ  Spð2Þ and Z2 with
this action.
Now, we determine the structure of the group ðE6Þlg V ðE6Þlgs.
Theorem 4.6.4. We have that ðE6Þlg V ðE6ÞlgsG ðSpð2Þ  Spð2ÞÞ=Z2zZ2,
where Z2 ¼ fðE;EÞ; ðE;EÞg, Z2 ¼ f1; rg.
Proof. We deﬁne a mapping j464 : ðSpð2Þ  Spð2ÞÞz f1; rg ! ðE6Þlg V
ðE6Þlgs by
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j464ððA;BÞ; 1Þ ¼ jE1ðh1ðA;BÞÞ;
j464ððA;BÞ; rÞ ¼ jE1ðh1ðA;BÞÞr;
where jE1 is deﬁned in Theorem 3.3.1, and h1 is deﬁned as follows:
h1 : Spð2Þ  Spð2Þ ! Spð4Þ, h1ðA;BÞ ¼ A 0
0 B
 
. From Lemma 4.6.3 (2), (3), we
see that j464ððA;BÞ; 1Þ; j464ððA;BÞ; rÞ A ðE6Þlg V ðE6Þlgs. Hence j464 is well-deﬁned,
and using r ¼ jE1ðJEÞ, it is easily to verify that j464 ia a homomorphism.
We shall show that j464 is surjection. Let a A ðE6Þlg V ðE6Þlgs. Since a A
ðE6Þlg V ðE6ÞlgsH ðE6Þlg, there exists P A Spð4Þ such that a ¼ jE1ðPÞ (Theorem
3.3.1). Moreover, from a ¼ jE1ðPÞ A ðE6Þlgs, that is, ðlgsÞjE1ðPÞðlgsÞ1 ¼ jE1ðPÞ,
using gjE1ðPÞg ¼ jE1ðI1PI1Þ, sjE1ðPÞs ¼ jE1ðI2PI2Þ and lðjE1ðPÞÞ ¼ jE1ðI1PI1Þ
(Lemma 4.6.3 (2), (3)), we have that jE1ðI2PI2Þ ¼ jE1ðPÞ. Hence, it follows that
I2PI2 ¼ P or I2PI2 ¼ P:
In the former case, we easily get the explicit form of P A Spð4Þ as follows:
P ¼ A 0
0 B
 
; A;B A Spð2Þ:





Þ ¼ jE1ðh1ðA;BÞÞ ¼ j464ððA;BÞ; 1Þ:
In the latter case, as in the former case, we can also ﬁnd the explicit form of
P A Spð4Þ as follows:
P ¼ 0 C
D 0
 
; C;D A Spð2Þ:





















¼ jE1ðh1ðC;DÞÞr ¼ j464ððC;DÞ; rÞ:
Thus j464 is surjection.
From Ker jE1 ¼ fE;Eg, we can easily obtain that Ker j464 ¼ fððE;EÞ; 1Þ;
ððE;EÞ; 1ÞgG ðZ2; 1Þ.
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Therefore we have the required isomorphism
ðE6Þlg V ðE6ÞlgsG ðSpð2Þ  Spð2ÞÞ=Z2zZ2: r
4.7. Type EI-II-IV
In this section, we give a pair of involutive automorphisms l~g and ~g.
From the result of type EI, EII, EIV in Table 2, we have the following
theorem.
Theorem 4.7.1. For Z2  Z2 ¼ f1; lgg  f1; gg, the Z2  Z2-symmetric space
is of type ðE6=ðE6Þlg;E6=ðE6Þg;E6=ðE6ÞðlgÞgÞ ¼ ðE6=ðE6Þlg;E6=ðE6Þg;E6=ðE6ÞlÞ,
that is, type (EI, EII, EIV), abbreviated as EI-II-IV.
Now, we determine the structure of the group ðE6Þlg V ðE6Þg.
Theorem 4.7.2. We have that ðE6Þlg V ðE6ÞgG ðSpð1Þ  Spð3ÞÞ=Z2, Z2 ¼
fð1;EÞ; ð1;EÞg.
Proof. We deﬁne a mapping j472 : Spð1Þ  Spð3Þ ! ðE6Þlg V ðE6Þg by
j472ðp;AÞ ¼ jE1ðh2ðp;AÞÞ;




mapping j472 is the restriction of the mapping jE1, it is easily to verify that j472
is well-deﬁned and a homomorphism.
We shall show that j472 is surjection. Let a A ðE6Þlg V ðE6Þg. Since a A
ðE6Þlg V ðE6ÞgH ðE6Þlg, there exists P A Spð4Þ such that a ¼ jE1ðPÞ (Theorem
3.3.1). Moreover, from a ¼ jE1ðPÞ A ðE6Þg, that is, gjE1ðPÞg ¼ jE1ðPÞ, using
gjE1ðPÞg ¼ jE1ðI1PI1Þ (Lemma 4.6.3 (2)), we have that jE1ðI1PI1Þ ¼ jE1ðPÞ.
Hence it follows that
I1PI1 ¼ P or I1PI1 ¼ P:
In the former case, we easily get the explicit form of P A Spð4Þ as follows:
P ¼ p 0
0 A
 
; p A Spð1Þ; A A Spð3Þ:





Þ ¼ jE1ðh2ðp;AÞÞ ¼ j472ððp;AÞÞ:
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In the latter case, as in the former case, we can also ﬁnd the explicit form of
P A Spð4Þ as follows:
P ¼
0 b c d
l 0 0 0
m 0 0 0
n 0 0 0
0BBB@
1CCCA; b; c; d; l;m; n A H :
This is contrary to the condition P A Spð4Þ because of b ¼ c ¼ d ¼ 0. Hence this
case is impossible. Thus j472 is surjection.
From Ker jE1 ¼ fð1;EÞ; ð1;EÞg, we can easily obtain that Ker j472 ¼
fð1;EÞ; ð1;EÞgGZ2.
Therefore we have the required isomorphism
ðE6Þlg V ðE6ÞgG ðSpð1Þ  Spð3ÞÞ=Z2: r
4.8. Type EII-II-II
In this section, we give a pair of involutive inner automorphisms ~g and fgH .
Again, let the C-linear transformation gH of J
C . As gC in section 4.5, gH
induces involutive inner automorphism fgH of E6 : fgHðaÞ ¼ gHagH , a A E6.
Using the inclusion F4HE6, the R-linear transformations d1, d2 deﬁned in the
proof of Lemma 4.1.1 are naturally extended to the C-linear transformations of
JC . Obviously, we have d1; d2 A E6, d
2
1 ¼ d22 ¼ 1. Hence, as in G2 and F4, since
we easily see that d1g ¼ gHd1, d2g ¼ ðggHÞd2, that is, g@ gH , g@ ggH in E6, we
have the following proposition.
Proposition 4.8.1. The group ðE6Þg is isomorphic to both of the groups
ðE6ÞgH and ðE6ÞggH : ðE6ÞgG ðE6ÞgH G ðE6ÞggH .
From the result of type EII in Table 2 and Proposition 4.8.1, we have the
following theorem.
Theorem 4.8.2. For Z2  Z2 ¼ f1; gg  f1; gHg, the Z2  Z2-symmetric space
is of type ðE6=ðE6Þg;E6=ðE6ÞgH ;E6=ðE6ÞggH Þ, that is, type (EII, EII, EII), ab-
breviated as EII-II-II.
Here, we prove proposition needed and make some preparations for the
theorem below.
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We deﬁne spaces G3;3 and G

3;3 by fU A SUð6Þ j IUI ¼ Ug and fU A SUð6Þ j
IUI ¼ Ug:
G3;3 ¼ fU A SUð6Þ j IUI ¼ Ug; G3;3 ¼ fU A SUð6Þ j IUI ¼ Ug;
respectively, where I ¼ diagð1;1; 1;1; 1;1Þ.
Moreover, we consider some element M1 ¼
1 0 0 0 0 0
0 0 0 0 1 0
0 0 1 0 0 0
0 0 0 1 0 0
0 1 0 0 0 0
0 0 0 0 0 1
0BBBBBBB@
1CCCCCCCA A SOð6Þ
HSUð6Þ such that IM1 ¼M1I3, where I3 ¼ diagð1; 1; 1;1;1;1Þ.
Proposition 4.8.3. We have the following isomorphisms.
(1) G3;3GSðUð3ÞUð3ÞÞ (as a group), where SðUð3Þ Uð3ÞÞ ¼ fU A SUð6Þ j
I3UI3 ¼ Ug.
(2) G3;3GSðUð3ÞUð3ÞÞ (as a set), where SðUð3ÞUð3ÞÞ ¼ fU A SUð6Þ j
I3UI3 ¼ Ug.
(3) SðUð3Þ Uð3ÞÞG ðUð1Þ  SUð3Þ  SUð3ÞÞ=Z3, Z3 ¼ fð1;E;EÞ; ðo1;o21 ;
o1EÞ; ðo21 ;o1;o21EÞg, where o A C, o3 ¼ 1, o0 1.
Proof. (1) We deﬁne a homomorphism k1 : SðUð3Þ Uð3ÞÞ ! G3;3 by
k1ðUÞ ¼M1UM11 :
Then it is easily to verify that k1 is isomorphism as a Lie group.
(2) We deﬁne a mapping k1 : SðUð3Þ Uð3ÞÞ ! G3;3 by
k1 ðUÞ ¼M1UM11 :
Then it is easily to verify that k1 is isomorphism as a set.
(3) We deﬁne a homomorphism h3 : Uð1Þ  SUð3Þ  SUð3Þ ! SðUð3Þ
Uð3ÞÞ by




Then we can easily show that the mapping h3 induces the required isomorphism.
r





Þ; E ¼ diagð1; 1; 1Þ AMð3;RÞ;
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by EJ . Then, note that EJ commutes with M1 : EJM1 ¼M1EJ .
Consider a group Z2 ¼ f1; r1g. Then the group Z2 ¼ f1; r1g acts on the
group Uð1Þ  ðUð1Þ  SUð3Þ  SUð3ÞÞ by
r1ða; ðy;A;BÞÞ ¼ ða; ðy1;B;AÞÞ
and let ðUð1Þ  ðUð1Þ  SUð3Þ  SUð3ÞÞÞzZ2 be the semi-direct product of
Uð1Þ  ðUð1Þ  SUð3Þ  SUð3ÞÞ and Z2 with this action.
Now, we determine the structure of the group ðE6Þg V ðE6ÞgH .
Theorem 4.8.4. We have that ðE6Þg V ðE6ÞgH G ðUð1Þ  ðUð1Þ  SUð3Þ
SUð3ÞÞÞ=ðZ2  Z3ÞzZ2, Z2¼fð1; 1;E;EÞ; ð1;1;E;EÞg, Z3¼fð1; 1;E;EÞ;
ð1;o;o2;oEÞ; ð1;o2;o;o2EÞg, Z2 ¼ f1; r1g, where o A C, o3 ¼ 1, o0 1.
Proof. We deﬁne a mapping j484 : ðUð1Þ  ðUð1Þ  SUð3Þ  SUð3ÞÞÞz
f1; r1g ! ðE6Þg V ðE6ÞgH by
j484ðða; ðy;A;BÞÞ; 1Þ ¼ jE2ða; k1h3ðy;A;BÞÞ;
j484ðða; ðy;A;BÞÞ; r1Þ ¼ jE2ða; k1h3ðy;A;BÞÞr1;
where k1, h3 are deﬁned in Proposition 4.8.3 (1), (3), respectively. From
Lemma 4.5.4 (2), we have j484ðða; ðy;A;BÞÞ; 1Þ; j484ðða; ðy;A;BÞÞ; r1Þ A ðE6Þg V





conﬁrm that j484 is a homomorphism. Indeed, we show that the case of
j484ðða; ðy;A;BÞÞ;r1Þj484ððb; ðn;C;DÞÞ;1Þ ¼ j484ððða; ðy;A;BÞÞ; r1Þððb; ðn;C;DÞÞ;1ÞÞ
as example. For the left hand side of this equality, we have that
j484ðða; ðy;A;BÞÞ; r1Þj484ððb; ðn;C;DÞÞ; 1Þ
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On the other hand, for the right hand side of same one, we have that
j484ððða; ðy;A;BÞÞ; r1Þððb; ðn;C;DÞÞ; 1ÞÞ
¼ j484ðða; ðy;A;BÞÞr1ðb; ðn;C;DÞÞ; r1Þ
¼ j484ðab; ðy;A;BÞðn1;D;CÞ; r1Þ
¼ j484ðab; ðyn1;AD;BCÞ; r1Þ
¼ jE2ðab; k1h3ðyn1;AD;BCÞÞr1;
that is, j484ðða; ðy;A;BÞÞ; r1Þj484ððb; ðn;C;DÞÞ; 1Þ ¼ j484ððða; ðy;A;BÞÞ; r1Þððb; ðn;
C;DÞÞ; 1ÞÞ. Similarly, the other cases are shown.
We shall show that j484 is surjection. Let a A ðE6Þg V ðE6ÞgH . Since a A ðE6Þg
V ðE6ÞgH H ðE6Þg, there exist p A Spð1Þ and U A SUð6Þ such that a ¼ jE2ðp;UÞ
(Theorem 3.3.2). Moreover, from a ¼ jE2ðp;UÞ A ðE6ÞgH , that is, gHjE2ðp;UÞgH
¼ jE2ðp;UÞ, using gHjE2ðp;UÞgH ¼ jE2ðgHp; IUIÞ (Lemma 4.5.4 (2)), we have






IUI ¼ U :
n
In the former case, we see that p A Uð1Þ and U A G3;3. Since there exist y A Uð1Þ
and A;B A SUð3Þ such that U ¼ k1h3ðy;A;BÞ for U A G3;3 (Proposition 4.8.3 (1),
(3)), we have that a ¼ jE2ða; k1h3ðy;A;BÞÞ ¼ j484ða; ðy;A;BÞ; 1Þ. In the latter
case, ﬁrst we get the explicit form of p A Spð1Þ as follows:
p ¼ p2e2 þ p3e3 ¼ be2 ðb ¼ p2 þ p3e1 A Uð1ÞÞ;
moreover since U A G3;3, there exists U
 A SðUð3Þ Uð3ÞÞ such that U ¼
























¼ ðM1 C 0
0 D
 





A SðUð3Þ Uð3ÞÞ and MJEJ ¼ EJM1, we modify ðÞ
above as follows: ðÞ ¼ k1ð C 0
0 D
 
ÞEJ : Hence, since there exist n A Uð1Þ
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and L;N A SUð3Þ such that U ¼ k1h3ðn;L;NÞEJ (Proposition 4.8.3 (3)), we have
that
a ¼ jE2ðbe2; k1h3ðn;L;NÞEJÞ ¼ jE2ðb; k1h3ðn;L;NÞÞjE2ðe2;EJÞ
¼ jE2ðb; k1h3ðn;L;NÞÞr1 ¼ j484ððb; ðn;L;NÞÞ; r1Þ:
Thus j484 is surjection.
From Ker jE2 ¼ fð1;EÞ; ð1;EÞg and Ker h3 ¼ fð1;E;EÞ; ðo;o2;oEÞ;
ðo2;o;o2EÞg, we can easily obtain that
Ker j484 ¼ fð1; ð1;E;EÞ; 1Þ; ð1; ð1;E;EÞ; 1Þg
 fð1; ð1;E;EÞ; 1Þ; ð1; ðo;o2;oEÞ; 1Þ; ð1; ðo2;o;o2EÞ; 1Þg
G ðZ2  Z3; 1Þ;
where o A C, o3 ¼ 1, o0 1.
Therefore we have the required isomorphism
ðE6Þg V ðE6ÞgH G ðUð1Þ  ðUð1Þ  SUð3Þ  SUð3ÞÞÞ=ðZ2  Z3ÞzZ2: r
4.9. Type EII-II-III
In this section, we give a pair of involutive inner automorphisms ~g and fgs.
Since g@ gs in E6 as mentioned in Section 4.6, we have the following
proposition which is the direct result of this.
Proposition 4.9.1. The group ðE6Þg is isomorphic to the group ðE6Þgs :
ðE6ÞgG ðE6Þgs.
From the result of types EII, EIII in Table 2 and Proposition 4.9.1, we have
the following theorem.
Theorem 4.9.2. For Z2  Z2 ¼ f1; gg  f1; gsg, the Z2  Z2-symmetric space
is of type ðE6=ðE6Þg;E6=ðE6Þsg;E6=ðE6ÞðgÞðgsÞÞ ¼ ðE6=ðE6Þg;E6=ðE6Þg;E6=ðE6ÞsÞ,
that is, type (EII, EII, EIII), abbreviated as EII-II-III.
Here, we prove Proposition needed in theorem below.
Proposition 4.9.3. We have the following isomorphism: ðUð1Þ  Spð1Þ
SUð4ÞÞ=Z4GSðUð2Þ Uð4ÞÞ, Z4 ¼ fð1; 1;EÞ; ð1;1;EÞ; ði;1; iEÞ; ði;1;
iEÞg.
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Proof. We deﬁne a mapping
f : Uð1Þ  Spð1Þ  SUð4Þ !k Uð1Þ  SUð2Þ  SUð4Þ !h4 SðUð2Þ Uð4ÞÞ
by
f ðy; q;AÞ ¼ h4ðy; kðqÞ;AÞ;
where a isomorphism k is deﬁned by k : Spð1Þ ! SUð2Þ, kðaþ be2Þ ¼
a 0 b 0
tb 0 ta 0
 
and a homomorphism h4 : Uð1Þ  SUð2Þ  SUð4Þ ! SðUð2Þ




. (Remark. For a ¼ a1 þ a2e1 A C , we
express a 0 as the components replacing e1 by i, that is, a 0 ¼ a1 þ a2i. It is similar
to a 0 as for b 0, so is the components of SUð4Þ.) We can easily show that the
homomorphism f induces the required isomorphism. r
Now, we determine the structure of the group ðE6Þg V ðE6Þgs.
Theorem 4.9.4. We have that ðE6Þg V ðE6ÞgsG ðSpð1Þ  ðUð1Þ  Spð1Þ
SUð4ÞÞÞ=ðZ2  Z4Þ, Z2 ¼ fð1; ð1; 1;EÞÞ; ð1; ð1;1;EÞÞg, Z4 ¼ fð1; ð1; 1;EÞÞ;
ð1; ð1;1;EÞÞ; ð1; ði;1; iEÞÞ; ð1; ði;1;iEÞÞg.
Proof. We deﬁne a mapping j494 : Spð1Þ  ðUð1Þ  Spð1Þ  SUð4ÞÞ !
ðE6Þg V ðE6Þgs by
j494ðp; ðy; q;AÞÞ ¼ jE2ðp; f ðy; q;AÞÞ;
where f is deﬁned in Proposition 4.9.3. Since the mapping j494 is the
restriction of the mapping jE2, it is easily to verify that j494 is well-deﬁned and
a homomorphism.
We shall show that j494 is surjection. Let a A ðE6Þg V ðE6Þgs. Since ðE6Þg V
ðE6ÞgsH ðE6Þg, there exist p A Spð1Þ and U A SUð6Þ such that a ¼ jE2ðp;UÞ
(Theorem 3.3.2). Moreover, from a ¼ jE2ðp;UÞ A ðE6Þgs, that is, ðgsÞjE2ðp;UÞ 
ðsgÞ ¼ jE2ðp;UÞ, using gjE2ðp;UÞg ¼ jE2ðp;UÞ and sjE2ðp;UÞs ¼ jE2ðp; I2UI2Þ






I2UI2 ¼ U :

In the former case, we see that p A Spð1Þ and U A SðUð2Þ Uð4ÞÞ. Moreover,
for U A SðUð2Þ Uð4ÞÞ, there exist y A Uð1Þ, q A Spð1Þ and A A SUð4Þ such that
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U ¼ f ðy; q;AÞ (Proposition 4.9.3). Hence we have that a ¼ jE2ðp; f ðy; q;AÞÞ ¼
j494ðp; ðy; q;AÞÞ. In the latter case, this is contrary to the condition p A Spð1Þ
because of p ¼ 0. Hence this case is impossible. Thus j494 is surjection.
From Ker jE2 ¼ fð1;EÞ; ð1;EÞg and Ker f ¼ fð1; 1;EÞ; ð1;1;EÞ;
ði;1; iEÞ; ði;1;iEÞg, we can easily obtain that
Ker j494 ¼ fð1; ð1; 1;EÞÞ; ð1; ð1;1;EÞÞg  fð1; ð1; 1;EÞÞ; ð1; ð1;1;EÞÞ;
ð1; ði;1; iEÞÞ; ð1; ði;1;iEÞÞgGZ2  Z4:
Therefore we have the required isomorphism
ðE6Þg V ðE6ÞgsG ðSpð1Þ  ðUð1Þ  Spð1Þ  SUð4ÞÞÞ=ðZ2  Z4Þ: r
4.10. Type EII-III-III
In this section, we give a pair of involutive inner automorphisms ~g and ggHr2,
where ggHr2 is induced by a C-linear transformation gHr2 of JC : ggHr2ðaÞ ¼
ðgHr2Þaðr2gHÞ, a A E6, and a C-linear transformation r2 of JC is deﬁned below.
We deﬁne some element r2 A ðE6Þg by
r2 ¼ jE2ð1;L2Þ;
where L2 ¼ diagð1; 1;1; 1;1; 1Þ A SOð6ÞHSUð6Þ, and the explicit form of r2






1CA; X A JC :
Then we have that r22 ¼ 1, d1r2 ¼ r2d1, d2r2 ¼ r2d2, where d1, d2 are the same
ones used in Section 4.8.
Now, for D8 ¼
0 0 0 0 1 0
0 0 1 0 0 0
0 1 0 0 0 0
0 0 0 1 0 0
1 0 0 0 0 0
0 0 0 0 0 1
0BBBBBBBB@
1CCCCCCCCA
A SOð6ÞHSUð6Þ, we consider
some element jE2ð1;D8Þ A ðE6Þg, and we denote jE2ð1;D8Þ by d8 : d8 ¼ jE2ð1;D8Þ.
Then since gs ¼ jE2ð1; I2Þ, we have d8ðgsÞ ¼ r2d8. Hence, together with gr2 ¼
r2g, we have d
1
8 ðgr2Þ ¼ sd18 .
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Lemma 4.10.1. In E6, s is conjugate to both of gHr2 and ggHr2 : s@ gHr2,
s@ ggHr2.
Proof. Using d18 ðgr2Þ ¼ sd18 , dkr2 ¼ r2dk, k ¼ 1; 2, we have that
ðd18 d1ÞðgHr2Þ ¼ d18 ðd1gHÞr2 ¼ d18 ðgd1Þr2
¼ d18 gðd1r2Þ ¼ d18 gðr2d1Þ ¼ ðd18 ðgr2ÞÞd1
¼ ðsd18 Þd1 ¼ sðd18 d1Þ;
that is, s@ gHr2. Moreover, we have s@ ggHr2 in the same way as the former
case. Indeed,
ðd18 d2ÞðggHr2Þ ¼ d18 ðd2ggHÞr2 ¼ d18 ðgd2Þr2
¼ d18 gðd2r2Þ ¼ d18 gðr2d2Þ ¼ ðd18 ðgr2ÞÞd2
¼ ðsd18 Þd2 ¼ sðd18 d2Þ;
that is, s@ ggHr2. r
We have the following proposition which is the direct result of Lemma 4.10.1.
Proposition 4.10.2. The group ðE6Þs is isomorphic to both of the groups
ðE6ÞgHr2 and ðE6ÞggHr2 : ðE6ÞsG ðE6ÞgHr2G ðE6ÞggHr2 .
From the result of types EII, EIII in Table 2 and Proposition 4.10.2, we have
the following theorem.
Theorem 4.10.3. For Z2  Z2 ¼ f1; gg  f1; gHr2g, the Z2  Z2-symmetric
space is of type ðE6=ðE6Þg;E6=ðE6ÞgHr2 ;E6=ðE6ÞgðgHr2ÞÞ ¼ ðE6=ðE6Þg;E6=ðE6Þs;
E6=ðE6ÞsÞ, that is, type (EII, EIII, EIII), abbreviated as EII-III-III.
Here, we prove proposition needed in theorem below.
Proposition 4.10.4. We have the following isomorphism: ðUð1Þ  SUð5ÞÞ=Z5
GSðUð1Þ Uð5ÞÞ, Z5 ¼ fð1; nkEÞ j n A C; n5 ¼ 1; k ¼ 0; 1; 2; 3; 4g.






Then we can easily show that h5 induces the required isomorphism. r
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Now, we determine the structure of the group ðE6Þg V ðE6ÞgHr2 .
Theorem 4.10.5. We have that ðE6Þg V ðE6ÞgHr2G ðUð1Þ Uð1Þ  SUð5ÞÞ=
ðZ2  Z5Þ, Z2 ¼ fð1; 1;EÞ; ð1;1;EÞg, Z5 ¼ fð1; nk; nkEÞg, k ¼ 0; 1; 2; 3; 4.
Proof. We deﬁne a mapping j4105 : Uð1ÞUð1ÞSUð5Þ ! ðE6Þg V ðE6ÞgHr2
by
j4105ða; y;AÞ ¼ jE2ða; h5ðy;AÞÞ;
where h5 is deﬁned in Proposition 4.10.4. Since the mapping j4105 is the
restriction of the mapping jE2, it is easily to verify that j4105 is well-deﬁned and
a homomorphism.
We shall show that j4105 is surjection. Let a A ðE6Þg V ðE6ÞgHr2 . Since ðE6Þg V
ðE6ÞgHr2H ðE6Þg, there exist p A Spð1Þ and U A SUð6Þ such that a ¼ jE2ðp;UÞ
(Theorem 3.3.2). Moreover, from a¼ jE2ðp;UÞ A ðE6ÞgHr2 , that is, ðgHr2ÞjE2ðp;UÞ 
ðr2gHÞ ¼ jE2ðp;UÞ, using gHjE2ðp;UÞgH ¼ jE2ðgHp; IUIÞ (Lemma 4.5.4 (2)) and







ðIL2ÞUðL2IÞÞ ¼ U :

In the former case, we see that p A Uð1Þ, moreover since IL2 ¼ L2I ¼
diagð1;1;1;1;1;1Þ, we get the explicit form of U A SUð6Þ as follows:
U ¼ z 0
0 B
 
; z A Uð1Þ; B A Uð5Þ; det U ¼ 1;
that is, U A SðUð1Þ Uð5ÞÞ. Hence, since there exist y A Uð1Þ and A A SUð5Þ
such that U ¼ h5ðy;AÞ (Proposition 4.10.4), we have a ¼ jE2ða; h5ðy;AÞÞ ¼
j4105ða; y;AÞ. In the latter case, as in the former case, we can also ﬁnd the explicit
form of U A SUð6Þ as follows:
U ¼ 0 x
ty 0
 
; x; y A C 5;
where C ¼ fx1 þ x2i j xk A R; k ¼ 1; 2g. However, this case is impossible because
of det U ¼ 0 for U A SUð6Þ. Thus j4105 is surjection.
From Ker jE2 ¼ fð1;EÞ; ð1;EÞg and Ker h5 ¼ fðnk; nkEÞ j k ¼ 0; 1; 2; 3; 4g,
we can easily obtain that Ker j4105 ¼ fð1; 1;EÞ; ð1;1;EÞg  fð1; nk; nkEÞ j
k ¼ 0; 1; 2; 3; 4gGZ2  Z5.
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Therefore we have the required isomorphism
ðE6Þg V ðE6ÞgHr2G ðUð1Þ Uð1Þ  SUð5ÞÞ=ðZ2  Z5Þ: r
4.11. Type EIII-III-III
In this section, we give a pair of involutive inner automorphisms ~s and ~s 0.
Let the C-linear transformation s 0 of JC be the complexiﬁcation of s 0 A F4,
so s 0 induces involutive inner automorphism ~s 0 of E6 : ~s 0ðaÞ ¼ s 0as 0, a A E6.
Using the inclusion F4HE6, the R-linear transformations d6, d7 deﬁned in the
proof of Lemma 4.4.1 are naturally extended to the C-linear transformations
of JC . Then we have d6; d7 A E6, d
2
6 ¼ d27 ¼ 1. Hence, as in F4, since we easily
see that d6s ¼ s 0d6, d7s ¼ ðss 0Þd7, that is, s@ s 0, s@ ss 0 in E6, we have the
following proposition.










From the result of Type EIII in Table 2 and Proposition 4.11.1, we have
the following theorem.
Theorem 4.11.2. For Z2Z2 ¼ f1; sg f1; s 0g, the Z2  Z2-symmetric space
is of type ðE6=ðE6Þs;E6=ðE6Þs
0
;E6=ðE6Þss
0 Þ ¼ ðE6=ðE6Þs;E6=ðE6Þs;E6=ðE6ÞsÞ, that
is, type (EIII, EIII, EIII), abbreviated as EIII-III-III.
Here, we prove lemmas needed and make some preparations for Proposition
4.11.5 below.
First, we investigate the subgroup ððE6ÞE1Þ
s 0 of E6 deﬁned by
ððE6ÞE1Þ
s 0 ¼ fa A E6 j aE1 ¼ E1; s 0as 0 ¼ ag;
where the group ðE6ÞE1 is isomorphic to Spinð10Þ as the double covering group
of SOð10Þ (As for the group ðE6ÞE1GSpinð10Þ, see [10, Theorem 3.10.4]).
Lemma 4.11.3. The Lie algebra ððe6ÞE1Þ
s 0




s 0 ¼ fdþ i ~T A e6 j d A ððf4ÞE1Þ
s 0 ;T A J; trðTÞ ¼ 0; s 0T ¼ T ;T  E1 ¼ 0g;
where ððf4ÞE1Þ
s 0 ¼ ðf4Þs V ðf4Þs
0
G soð8Þ (Section 4.4).
In particular, we have
dimðððe6ÞE1Þ
s 0 Þ ¼ 28þ 1 ¼ 29:
278 Toshikazu Miyashita
Proof. Since any element f of the Lie algebra e6 of the group E6 is
uniquely as f ¼ dþ i ~T , d A f4, T A J0 ¼ fT A J j trðTÞ ¼ 0g, using s 0fs 0 ¼
s 0ds 0 þ i gðs 0TÞ, we can easily prove this lemma (As for ððf4ÞE1Þs 0G soð8Þ, see
Theorem 4.4.5 and [10, Theorem 2.9.1]). r
Lemma 4.11.4. For y; n A Uð1Þ ¼ fy A C j ðtyÞy ¼ 1g, we deﬁne C-linear















1CA; X A JC ;
respectively, where f1ðyÞ is some one in Theorem 3.3.3. Then we have that
f1ðyÞ; f2ðnÞ A ðE6Þs V ðE6Þs
0
, moreover we have that f2ðnÞ A ððE6ÞE1Þ
s 0
and that
f1ðyÞ, f2ðnÞ are commutative.
Proof. By straightforward computation, we can also easily prove this
lemma. r
Proposition 4.11.5. We have the following isomorphism: ððE6ÞE1Þ
s 0G
ðUð1Þ  Spinð8ÞÞ=Z2, Z2 ¼ fð1; 1Þ; ð1; sÞg.





(Theorem 4.4.5). Now, we deﬁne a mapping j2 : Uð1Þ  Spinð8Þ ! ððE6ÞE1Þ
s 0 by
j2ðn; bÞ ¼ f2ðnÞb:
It is clear that j2ðn; bÞ A ððE6ÞE1Þ
s 0 (Lemma 4.11.4). Hence j2 is well-deﬁned.
Since f2ðnÞ commutes with b, j2 is a homomorphism. Let ðn; bÞ A Ker j2. Then
since we see that b ¼ 1, we can easily obtain that Ker j2 ¼ fð1; 1Þ; ð1; sÞg.
Furthermore since ððE6ÞE1Þ
s 0 ¼ ðSpinð10ÞÞs 0 is connected and dimðððe6ÞE1Þ
s 0 Þ ¼
29 ¼ 1þ 28 ¼ dimðuð1Þl soð8ÞÞ (Lemma 4.11.3), j2 is surjection. Therefore we
have the isomorphism ððE6ÞE1Þ
s 0G ðUð1Þ  Spinð8ÞÞ=Z2. r




Theorem 4.11.6. We have that ðE6Þs V ðE6Þs
0
G ðUð1Þ Uð1Þ  Spinð8ÞÞ=
ðZ2  Z4Þ, Z2 ¼ fð1; 1; 1Þ; ð1;1; sÞg, Z4 ¼ fð1; 1; 1Þ; ði; i; s 0Þ; ð1;1; 1Þ;
ði;i; s 0Þg.
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Proof. Let Spinð8ÞG ðF4Þs V ðF4Þs
0
H ðE6Þs V ðE6Þs
0
(Theorem 4.4.5). We
deﬁne a mapping j4116 : Uð1Þ Uð1Þ  Spinð8Þ ! ðE6Þs V ðE6Þs
0
by
j4116ðy; n; bÞ ¼ f1ðyÞf2ðnÞb:
It is clear that j4116ðy; n; bÞ A ðE6Þs V ðE6Þs
0
(Lemma 4.11.4). Hence j4116 is well-
deﬁned. Since f1ðyÞ, f2ðnÞ and b commute with each other, it is clear that j4116
is a homomorphism.
We shall show that j4116 is surjection. Let a A ðE6Þs V ðE6Þs
0
. Since
a A ðE6Þs V ðE6Þs
0
H ðE6Þs, there exist y A Uð1Þ and d A Spinð10Þ such that
a ¼ j
E3
ðy; dÞ (Theorem 3.3.3). Moreover, from a ¼ j
E3





ðy; dÞs 0 ¼ j
E3
ðy; dÞ, using s 0f1ðyÞ ¼ f1ðyÞs 0 (Lemma 4.11.4), we have
j
E3
ðy; s 0ds 0Þ ¼ j
E3
ðy; dÞ. Hence it follows that
ðiÞ y ¼ y
s 0ds 0 ¼ d;

ðiiÞ y ¼ y
s 0ds 0 ¼ f1ð1Þd;

ðiiiÞ y ¼ iy
s 0ds 0 ¼ f1ðiÞd;

ðivÞ y ¼ iy
s 0ds 0 ¼ f1ðiÞd:

The cases (ii), (iii) and (iv) are impossible because of y ¼ 0 for y A Uð1Þ. In the
case (i), from s 0ds 0 ¼ d, we have that d A ðSpinð10ÞÞs 0G ððE6ÞE1Þ
s 0 . Since there
exist n A Uð1Þ and b A Spinð8Þ such that d ¼ f2ðnÞb (Proposition 4.11.5), we
have that
a ¼ f1ðyÞd ¼ f1ðyÞf2ðnÞb ¼ jðy; n; bÞ:
Thus j is surjection.
From Ker j
E3
¼ fð1; fð1ÞÞ; ð1; fð1ÞÞ; ði; fðiÞÞ; ði; fðiÞÞg and Ker j2 ¼
fð1; 1Þ; ð1; sÞg, we can easily obtain that
Ker j4116 ¼ fð1; 1; 1Þ; ð1;1; sÞ; ð1;1; sÞ; ð1;1; 1Þ; ði; i; ss 0Þ; ði;i; s 0Þ;
ði; i; s 0Þ; ði;i; ss 0Þg
¼ fð1; 1; 1Þ; ð1;1; sÞg  fð1; 1; 1Þ; ði; i; s 0Þ; ð1;1; 1Þ; ði;i; s 0Þg
GZ2  Z4:
Therefore we have the required isomorphism
ðE6Þs V ðE6Þs
0
X ðUð1Þ Uð1Þ  Spinð8ÞÞ=ðZ2  Z4Þ: r
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4.12. Type EIII-IV-IV
In this section, we give a pair of involutive automorphisms l and ~s.







1CA¼ D9XD9; D9 ¼ 1 0 00 i 0
0 0 i
0B@
1CA; X A JC :
Then we have that d9 A E6, d
2
9 ¼ s, d9s ¼ sd9 and td9 ¼ d9.
Proposition 4.12.1. The group ðE6Þl is isomorphic to the group ðE6Þls :
ðE6ÞlG ðE6Þls.
Proof. We deﬁne a mapping f : ðE6Þl ! ðE6Þls by
f ðaÞ ¼ d9ad19 :
In order to prove this proposition, it is su‰cient to show that the mapping f is
well-deﬁned. Indeed, it follows from the properties of d29 ¼ s, d9s ¼ sd9, td9 ¼ d9
and lðsÞ ¼ s that
ðlsÞ f ðaÞ ¼ ðlsÞðd9ad19 Þ ¼ lðd9sad19 Þ ¼ lðd9ÞlðsÞlðaÞlðd19 Þ
¼ d19 sad9 ¼ d19 ðd9Þ2aðd19 sÞ ¼ ðd9ad19 Þs
¼ f ðaÞs;
that is, f ðaÞ A ðE6Þls. r
From the results of Types EIII, EIV in Table 2 and Proposition 4.12.1, we
have the following theorem.
Theorem 4.12.2. For Z2  Z2 ¼ f1; sg  f1; lg, the Z2  Z2-symmetric space
is of type ðE6=ðE6Þs;E6=ðE6Þl;E6=ðE6ÞlsÞ ¼ ðE6=ðE6Þs;E6=ðE6Þl;E6=ðE6ÞlÞ, that
is, type (EIII, EIV, EIV), abbreviated as EIII-IV-IV.
Now, we determine the structure the group ðE6Þs V ðE6Þl.
Theorem 4.12.3. We have that ðE6Þs V ðE6ÞlGSpinð9Þ.
Proof. We deﬁne a mapping j4123 : Spinð9Þ ! ðE6Þs V ðE6Þl by
j4123ðaÞ ¼ a:
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Since Spinð9ÞG ðF4ÞsH ðE6Þs (Theorem 3.2.2) and Spinð9ÞHF4 ¼ ðE6Þl (The-
orem 3.3.4), it is clear that j4123 is well-deﬁned, a homomorphism and injection.
We shall show that j4123 is surjection. Let a A ðE6Þs V ðE6Þl. Since ðE6Þs V
ðE6ÞlH ðE6Þl ¼ F4, it is clear that a A F4. Moreover, from a A ðE6Þs, that is,
sas ¼ a, we easily see a A ðF4ÞsGSpinð9Þ. Thus j4123 is surjection.
Therefore we have the required isomorphism
ðE6Þs V ðE6ÞlGSpinð9Þ: r
 [E7] We study seven types in here.
4.13. Type EV-V-V
In this section, we give a pair of involutive inner automorphisms elg and figC .
We deﬁne C-linear transformations gC of P
C by
gCðX ;Y ; x; hÞ ¼ ðgCX ; gCY ; x; hÞ; ðX ;Y ; x; hÞ A PC ;
where gC of the right hand side are the same ones as gC A G2HF4HE6. Then
we have that gC A E7, g
2
C ¼ 1, so gC induces involutive inner automorphism ~gC of
E7 : ~gCðaÞ ¼ gCagC , a A E7.
Similarly, for d3; d4 A G2HF4HE6, we have d3; d4 A E7. Hence, as in E6, we
easily see that d3g ¼ gCd3, d4g ¼ ðggCÞd4, that is, g@ gC , g@ ggC in E7.
Lemma 4.13.1. In E7, i is conjugate to l : i@ l.









ðtrðXÞE  2XÞ þ iðtrðYÞE  2Y Þ  xE þ ihE
iðtrðXÞE  2X Þ  ðtrðYÞE  2Y Þ þ ixE  hE
trðXÞ þ i trðYÞ þ x ih









Then, by straightforward computation, we have dli ¼ ldl, that is i@ l in E7,
moreover dlg ¼ gdl, dlgC ¼ gCdl. r
Remark. In fact, using jð0; ðip=4ÞE; ðip=4ÞE; 0Þ A e7, dl is expressed as
exp jð0; ðip=4ÞE; ðip=4ÞE; 0Þ : dl ¼ exp jð0; ðip=4ÞE; ðip=4ÞE; 0Þ.
Proposition 4.13.2. The group ðE7Þlg is isomorphic to the group ðE7Þ igC :
ðE7ÞlgG ðE7Þ igC .
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Proof. We deﬁne a mapping f : ðE7Þlg ! ðE7Þ igC by
f ðaÞ ¼ d3d1l adld3:
In order to prove this proposition, it is su‰cient to show that the mapping f is
well-deﬁned. However, it is almost evident from dli ¼ ldl, d3g ¼ gCd3. r
For y A Uð1Þ ¼ fy A C j ðt tyÞy ¼ 1g, we deﬁne a C-linear transformation fðyÞ
of PC by
fðyÞðX ;Y ; x; hÞ ¼ ðyX ; y1Y ; y3x; y3hÞ; ðX ;Y ; x; hÞ A PC :
Then we have fðyÞ A E7, and set di ¼ fðeiðp=4ÞÞ. Needless to say, we see di A E7.
Besides, the mapping f gives an embedding from Uð1Þ into E7.
Lemma 4.13.3. In E7, li is conjugate to l : li@l.
Proof. By using the deﬁnition of di above, we can easily obtain ðliÞdi ¼
diðlÞ, that is, li@l. r
Proposition 4.13.4. The group ðE7Þlg is isomorphic to the group ðE7ÞliggC :
ðE7ÞlgG ðE7ÞliggC.
Proof. We deﬁne a mapping g : ðE7Þlg ! ðE7ÞliggC by
gðaÞ ¼ d4diad1i d4;
where we remark that d4 has the property of d4ðliÞ ¼ ðliÞd4. In order to prove
this proposition, it is su‰cient to show that the mapping g is well-deﬁned. Indeed,
it follows from ðliÞdi ¼ diðlÞ (Lemma 4.13.3) and the property of d4 that
ðliggCÞgðaÞ ¼ ðliggCÞðd4diad1i d4Þ ¼ ðliÞd4gdiad1i d4 ¼ d4ðliÞdigad1i d4
¼ d4diðlÞgad1i d4 ¼ d4diaðlÞgd1i d4 ¼ d4diaðlÞd1i gd4
¼ ðd4diad1i Þðligd4Þ ¼ ðd4diad1i d4ÞðliggCÞ ¼ gðaÞðliggCÞ;
that is, gðaÞ A ðE7ÞliggC . r
From the result of type EV in Table 2 and Propositions 4.13.2, 4.13.4, we
have the following theorem.
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Theorem 4.13.5. For Z2  Z2 ¼ f1; lgg  f1; igCg, the Z2  Z2-symmetric
space is of type ðE7=ðE7Þlg;E7=ðE7Þ igC ;E7=ðE7ÞðlgÞðigCÞÞ ¼ ðE7=ðE7Þlg;E7=ðE7Þlg;
E7=ðE7ÞlgÞ, that is, type (EV, EV, EV), abbreviated as EV-V-V.
Here, we prove lemma needed in theorem below.
Lemma 4.13.6. The mapping jE5 : SUð8Þ ! ðE7Þlg of Theorem 3.4.1 satisﬁes
the following equalities:
ð1Þ g ¼ jE5ðI2Þ; gC ¼ jE5ðJÞ; s ¼ jE5ðI4Þ:
ð2Þ gjE5ðAÞg ¼ jE5ðI2AI2Þ; gCjE5ðAÞgC ¼ jE5ðJAJÞ;
sjE5ðAÞs ¼ jE5ðI4AI4Þ; ijE5ðAÞi1 ¼ jE5ðJAJÞ;
where I2 ¼ diagð1;1; 1; 1; 1; 1; 1; 1Þ, J ¼ diagðJ; J; J; JÞ, J ¼ 0 11 0
 
, I4 ¼
diagð1;1;1;1; 1; 1; 1; 1Þ.
Proof. Since the equalities above are the direct results of [10, Lemma 4.5.4],
these proof are omitted. r
Now, we determine the structure of the group ðE7Þlg V ðE7Þ igC .
Theorem 4.13.7. We have that ðE7Þlg V ðE7Þ igCGSOð8Þ=Z2 Z2, Z2 ¼
fE;Eg, Z2 ¼ f1;1g.
Proof. We deﬁne a mapping SOð8Þ  f1;1g ! ðE7Þlg V ðE7Þ igC by
j4137ðB; 1Þ ¼ jE5ðBÞ;
j4137ðB;1Þ ¼ jE5ðBÞð1Þ;
where jE5 is deﬁned in Theorem 3.4.1. Since the element 1 A zðE7Þ (the center
of E7), it is clear that j4137ðB; 1Þ; j4137ðB;1Þ A ðE7Þlg, moreover using ijE5ðAÞi1
¼ jE5ðJAJÞ and gCjE5ðAÞgC ¼ jE5ðJAJÞ (Lemma 4.13.6 (2)), we see that
j4137ðB; 1Þ; j4137ðB;1Þ A ðE7Þ igC . Hence j4137 is well-deﬁned. Since the mapping
j4137 is the restriction of the mapping jE5, it is easy to verify that j4137 is a
homomorphism.
We shall show that j4137 is surjection. Let a A ðE7Þlg V ðE7Þ igC . Since a A
ðE7Þlg V ðE7Þ igCH ðE7Þlg, there exists A A SUð8Þ such that a ¼ jE5ðAÞ (Theorem
3.4.1). Moreover, from a ¼ jE5ðAÞ A ðE7Þ igC , that is, ðigCÞjE5ðAÞðgC i1Þ ¼ jE5ðAÞ,
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again using ijE5ðAÞi1 ¼ jE5ðJAJÞ and gCjE5ðAÞgC ¼ jE5ðJAJÞ, we have
jE5ðAÞ ¼ jE5ðAÞ. Hence it follows that
A ¼ A or A ¼ A:
In the former case, we see A A SOð8Þ, then set A ¼ B A SOð8Þ. Hence we have
that a ¼ jE5ðBÞ ¼ j4137ðBÞ. In the latter case, we have that A ¼ e1B, B A SOð8Þ.
Hence we have that a ¼ jE5ðe1BÞ ¼ jE5ðe1EÞjE5ðBÞ ¼ ð1ÞjE5ðBÞ, that is, a ¼
j4137ðBÞð1Þ. Thus j4137 is surjection.
Finally, we shall determine Ker j4137. From the deﬁnition of kernel, we have
that
Ker j4137 ¼ fðB; 1Þ j j4137ðB; 1Þ ¼ 1gU fðB;1Þ j j4137ðB;1Þ ¼ 1g:
In the former case, from Ker jE5 ¼ fE;Eg, we can easily obtain that
fðB; 1Þ j j4137ðB; 1Þ ¼ 1g ¼ 1g ¼ fðE; 1Þ; ðE; 1Þg. In the latter case, from 1 ¼
jE5ðe1EÞ, it is not di‰cult to see that fðB;1Þ j j4136ðB;1Þ ¼ 1g ¼ fðe1;1Þ;
ðe1;1Þg. However, since this is contrary to B A SOð8Þ, this case is impossible.
Hence we have Ker j4137 ¼ fðE; 1Þ; ðE; 1ÞgG ðZ2; 1Þ.
Therefore we have the required isomorphism
ðE7Þlg V ðE7Þ igCGSOð8Þ=Z2 Z2: r
4.14. Type EV-V-VI
In this section, we give a pair of involutive inner automorphisms elg and glgs.
Using the inclusion E6HE7, the C-linear transformation d5 used in Section
4.6 is naturally extended to the C-linear transformation of PC . Hence, as in
E6, since we easily see that d5g ¼ ðgsÞd5 as d5 A E6HE7, that is, g@ gs in E7,
we have the following proposition.
Proposition 4.14.1. The group ðE7Þlg is isomorphic to the group ðE7Þlgs :
ðE7ÞlgG ðE7Þlgs.
From the result of types EV, EVI in Table 2 and Proposition 4.14.1, we
have the following theorem.
Theorem 4.14.2. For Z2  Z2 ¼ f1; lgg  f1; lgsg, the Z2  Z2-symmetric
space is of type ðE7=ðE7Þlg;E7=ðE7Þlgs;E7=ðE7ÞðlgÞðlgsÞÞ ¼ ðE7=ðE7Þlg;E7=ðE7Þlg;
E7=ðE7ÞsÞ ¼ ðE7=ðE7Þlg;E7=ðE7Þlg;E7=ðE7ÞgÞ, that is, type (EV, EV, EVI), ab-
breviated as EV-V-VI.
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Here, we prove proposition needed and make some preparations for the
theorem below.
Proposition 4.14.3. We have the following isomorphism: SðUð4Þ Uð4ÞÞ
G ðUð1Þ  SUð4Þ  SUð4ÞÞ=Z4, Z4 ¼ fð1;E;EÞ; ð1;E;EÞ; ðe1;e1E; e1EÞ;
ðe1; e1E;e1EÞg.
Proof. We deﬁne a mapping g : Uð1Þ  SUð4Þ  SUð4Þ ! SðUð4Þ Uð4ÞÞ
by




Then we easily see that g4 is well-deﬁned and a epimorphism. By straightforward
computation, Ker g4 is obtained as follows:
Ker g4 ¼ fða;A;BÞ A Uð1Þ  SUð4Þ  SUð4Þ j g4ða;A;BÞ ¼ Eg
¼ fða;A;BÞ A Uð1Þ  SUð4Þ  SUð4Þ j aA ¼ a1B ¼ Eg
¼ fða; a1E; aEÞ A Uð1Þ  SUð4Þ  SUð4Þ j a ¼G1;Ge1g
¼ fð1;E;EÞ; ð1;E;EÞ; ðe1;e1E; e1EÞ; ðe1; e1E;e1EÞgGZ4:
Therefore we have the required isomorphism
SðUð4Þ Uð4ÞÞG ðUð1Þ  SUð4Þ  SUð4ÞÞ=Z4: r
We deﬁne some element e A ðE7Þlg by
e ¼ jE5ðJ 0Þ;
where J 0 ¼ 0 E
E 0
 
A SUð8Þ, E ¼ diagð1; 1; 1; 1Þ. Then we easily see e2 ¼ 1.
Consider a group Z2 ¼ f1; eg. Then the group Z2 ¼ f1; eg acts on the group
SðUð4Þ Uð4ÞÞ by
eðAÞ ¼ J 0AJ 0; ðJ 0Þ2 ¼ Eð¼ diagð1; 1; 1; 1; 1; 1; 1; 1ÞÞ;
and let SðUð4Þ Uð4ÞÞzZ2 be the semi-direct product of SðUð4Þ Uð4ÞÞ and
Z2 with this action.
Now, we determine the structure of the group ðE7Þlg V ðE7Þlgs.
Theorem 4.14.4. We have that ðE7Þlg V ðE7ÞlgsG ðUð1Þ  SUð4Þ  SUð4ÞÞ=
ðZ2  Z4ÞzZ2, Z2 ¼ fð1;E;EÞ; ð1;E;EÞg, Z4 ¼ fð1;E;EÞ; ð1;E;EÞ;
ðe1;e1E; e1EÞ; ðe1; e1E;e1EÞg, Z2 ¼ f1; eg.
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Proof. We deﬁne a mapping j4144 : ðUð1Þ  SUð4Þ  SUð4ÞÞz f1; eg !
ðE7Þlg V ðE7Þlgs by
j4144ðða;A;BÞ; 1Þ ¼ jE5ðg4ða;A;BÞÞ;
j4144ðða;A;BÞ; eÞ ¼ jE5ðg4ða;A;BÞÞe;
where g4 is deﬁned in Proposition 4.14.3 above. Since the mapping j4144 is the
restriction of the mapping jE5 and e A ðE7Þlg, it is clear that j4144ðða;A;BÞ; 1Þ;
j4144ðða;A;BÞ; eÞ A ðE7Þlg, moreover using sjE5ðLÞs ¼ jE5ðI4LI4Þ, L A SUð8Þ
(Lemma 4.13.6 (2)), it is easily to verify that j4144ðða;A;BÞ; 1Þ; j4144ðða;A;BÞ; eÞ
A ðE7Þlgs. Hence j4144 is well-deﬁned. Using e ¼ jE5ðJ 0Þ, we can conﬁrm that
j4144 is a homomorphism. Indeed, we show the case of j4144ðða1;A1;B1Þ; eÞ 
j4144ðða2;A2;B2Þ; 1Þ ¼ j4144ððða1;A1;B1Þ; eÞðða2;A2;B2Þ; 1ÞÞ as example. For the





¼ jE5ðg4ða1;A1;B1ÞJ 0ðg4ða2;A2;B2ÞJ 0J 0Þ
¼ jE5ðg4ða1;A1;B1ÞJ 0ðg4ða2;A2;B2ÞJ 0ÞjE5ðJ 0Þ
¼ jE5ðg4ða1;A1;B1ÞJ 0ðg4ða2;A2;B2ÞJ 0Þe
¼ jE5ðg4ða1;A1;B1Þðg4ða12 ;B2;A2ÞÞe
¼ jE5ðg4ða1a12 ;A1B2;B1A2ÞÞe
¼ j4144ðða1a12 ;A1B2;B1A2Þ; eÞ:
On the other hand, since the action of e to the group SðUð4Þ Uð4ÞÞ
is eð S 0
0 T
 
Þ ¼ T 0
0 S
 
, e acts on the group Uð1Þ  SUð4Þ  SUð4Þ as
follows:
eða;A;BÞ ¼ ða1;B;AÞ:
Hence, for the right hand side of same one, we have that
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j4144ððða1;A1;B1Þ; eÞðða2;A2;B2Þ; 1ÞÞ ¼ j4144ðða1;A1;B1Þeða2;A2;B2Þ; eÞ
¼ j4144ðða1;A1;B1Þða12 ;B2;A2Þ; eÞ
¼ j4144ðða1a12 ;A1B2;B1A2Þ; eÞ:
Similarly, the other cases are shown.
We shall show that j4144 is surjection. Let a A ðE7Þlg V ðE7Þlgs. Since
ðE7Þlg V ðE7ÞlgsH ðE7Þlg, there exists L A SUð8Þ such that a ¼ jE5ðLÞ (Theorem
3.4.1). Moreover, from a ¼ jE5ðLÞ A ðE7Þlgs, that is, ðlgsÞjE5ðLÞðsgl1Þ ¼
jE5ðLÞ, using sjE5ðLÞs ¼ jE5ðI4LI4Þ (Lemma 4.13.6 (2)), we have jE5ðI4LI4Þ ¼
jE5ðLÞ. Hence it follows that
I4LI4 ¼ L or I4LI4 ¼ L:
In the former case, we see that L A SðUð4Þ Uð4ÞÞ. Hence, there exist a A Uð1Þ,
A;B A SUð4Þ such that L ¼ g4ða;A;BÞ (Proposition 4.14.3). Thus we have a ¼
jE5ðg4ða;A;BÞÞ ¼ j4144ðða;A;BÞ; 1Þ. In the latter case, we take L as form L ¼
MJ 0, M A SðUð4Þ Uð4ÞÞ, J 0 ¼ 0 E
E 0
 
, E ¼ diagð1; 1; 1; 1Þ. Hence, in the same
way as above, we have that a ¼ jE5ðg4ða;A;BÞJ 0Þ ¼ jE5ðg4ða;A;BÞÞjE5ðJ 0Þ ¼
jE5ðg4ða;A;BÞÞe ¼ j4144ðða;A;BÞ; eÞ. Hence j4144 is surjection.
Finally, we shall determine Ker j4144. From Ker jE5 ¼ fE;Eg, we can
easily obtain that
Ker j4144 ¼ fðða;A;BÞ; 1Þ j j4144ðða;A;BÞ; 1Þ ¼ 1g
U fðða;A;BÞ; eÞ j j4144ðða;A;BÞ; eÞ ¼ 1g
¼ fðða;A;BÞ; 1Þ j jE5ðg4ða;A;BÞÞ ¼ 1g
U fðða;A;BÞ; eÞ j jE5ðg4ða;A;BÞÞe ¼ 1g
¼ fðða;A;BÞ; 1Þ j aA ¼ a1B ¼GEgU fðða;A;BÞ; eÞ j aA ¼ a1B ¼ 0g
¼ fða; a1E; aEÞ; 1Þ; ða;a1E;aEÞ; 1Þ j a4 ¼ 1gU f
¼ fðð1;E;EÞ; 1Þ; ðð1;E;EÞ; 1Þg
fðð1;E;EÞ; 1Þ; ðð1;E;EÞ; 1Þ; ððe1;e1E; e1EÞ; 1Þ;
ððe1; e1E;e1EÞ; 1Þg
G ðZ2  Z4; 1Þ:
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Therefore we have the required isomorphism
ðE7Þlg V ðE7ÞlgsG ðUð1Þ  SUð4Þ  SUð4ÞÞ=ðZ2  Z4ÞzZ2: r
4.15. Type EV-V-VII
In this section, we give a pair of involutive inner automorphisms elg and filg.
We have the following proposition which is the direct result of Lemmas
4.13.1, 4.13.3.
Proposition 4.15.1. The group ðE7Þlg is isomorphic to the group ðE7Þ ilg :
ðE7ÞlgG ðE7Þ ilg.
From the result of types EV, EVII in Table 2 and Propositions 4.15.1, we
have the following theorem.
Theorem 4.15.2. For Z2  Z2 ¼ f1; lgg  f1; ilgg, the Z2  Z2-symmetric
space is of type ðE7=ðE7Þlg;E7=ðE7Þ ilg;E7=ðE7ÞðlgÞðilgÞÞ ¼ ðE7=ðE7Þlg;E7=ðE7Þlg;
E7=ðE7ÞiÞ ¼ ðE7=ðE7Þlg;E7=ðE7Þlg;E7=ðE7Þ iÞ, that is, type (EV, EV, EVII), ab-
breviated as EV-V-VII.
Here, we prove lemma needed in theorem below.
Lemma 4.15.3. The C-linear transformation fðyÞ deﬁned in Section 4.13
satisﬁes the following equalities:
lfðyÞl ¼ fðy1Þ; gfðyÞg ¼ fðyÞ:
Proof. By using the deﬁnition of l, g and fðyÞ (Sections 3.4, 4.13), it is
easily to verify those. r
Now, we determine the structure of the group ðE7Þlg V ðE7Þ ilg.
Theorem 4.15.4. We have that ðE7Þlg V ðE7Þ ilgGSpð4Þ=Z2 Z2, Z2 ¼
fE;Eg, Z2 ¼ f1;1g.
Proof. We deﬁne a mapping j4154 : Spð4Þ  f1;1g ! ðE7Þlg V ðE7Þ ilg by
j4154ðA; 1Þ ¼ jEIðAÞ;
j4154ðA;1Þ ¼ jEIðAÞð1Þ;
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where jEI is deﬁned in Theorem 3.3.1. (Remark. The element jEIðAÞ A ðE6Þlg is
identiﬁed as elements of the group E7.) Since the mapping j4154 is the restriction
of the mapping jEI, it is clear that j4154 is well-deﬁned and a homomorphism.
We shall show that j4154 is surjection. Let a A ðE7Þlg V ðE7Þ ilg. Since lgagl1
¼ a and iðlgagl1Þi1 ¼ a, we have that a A ðE7Þ i. Hence, there exist y A Uð1Þ
and b A E6 such that a ¼ jE7ðy; bÞ (Theorem 3.4.3). Moreover, from a A ðE7Þlg,
that is, ðlgÞjE7ðy; bÞðgl1Þ ¼ jE7ðy; bÞ, using lfðyÞl1 ¼ fðy1Þ and gfðyÞg ¼
fðyÞ (Lemma 4.15.3), we have jE7ðy1; lgbgl1Þ ¼ jE7ðy; bÞ. Then, as the ar-













where o A C, o3 ¼ 1, o0 1. For these cases above, we have the following
results.
Case (i). We have that y ¼ 1 or y ¼ 1 and b A ðE6Þlg. Hence, in the case of
y ¼ 1, there exists A A Spð4Þ such that a ¼ jE7ð1; bÞ ¼ b ¼ jE1ðAÞ ¼ j4154ðA; 1Þ
(Theorem 3.3.1), and in the case of y ¼ 1, similarly there exists A A Spð4Þ such
that a ¼ jE7ð1; bÞ ¼ fð1Þb ¼ ð1Þb ¼ jE1ðAÞð1Þ ¼ j4154ðA;1Þ.
Case (ii). We have that y ¼ o or y ¼ o and b ¼ fðo2Þb 0, b 0 A ðE6Þlg.
Hence, in the case of y ¼ o, there exists A 0 A Spð4Þ such that a ¼ jE7ðo; fðo2Þb 0Þ
¼ fðoÞðfðo2Þb 0Þ ¼ b 0 ¼ jE1ðA 0Þ ¼ j4154ðA 0; 1Þ (Theorem 3.3.1), and in the case
of y ¼ o, similarly there exists A 0 A Spð4Þ such that a ¼ jE7ðo; fðo2Þb 0Þ ¼
fðoÞðfðo2Þb 0Þ ¼ ð1Þb 0 ¼ jE1ðA 0Þð1Þ ¼ j4154ðA 0;1Þ. As a result, this case is
reduced to Case (i).
Case (iii). We have that y ¼ o2 or y ¼ o2 and b A fðoÞb 0, b 0 A ðE6Þlg.
Hence we have the same result as Case (ii), that is, this case is also reduced to
Case (i).
Thus j4154 is surjection. Finally, we shall determine Ker j4154. From Ker jE1
¼ fE;Eg, we can easily obtain that
Ker j4154 ¼ fðA; 1Þ j j4154ðA; 1Þ ¼ 1gU fðA; 1Þ j j4154ðA;1Þ ¼ 1g
¼ fðA; 1Þ j jE1ðAÞ ¼ 1gU fðA;1Þ j jE1ðAÞð1Þ ¼ 1g
¼ fðE; 1Þ; ðE; 1ÞgU f
¼ fðE; 1Þ; ðE; 1ÞgG ðZ2; 1Þ:
Therefore we have the required isomorphism
ðE7Þlg V ðE7Þ ilgGSpð4Þ=Z2 Z2: r
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4.16. Type EV-VI-VII
In this section, we give a pair of involutive inner automorphisms elg and ~g.
We have the following proposition which is the direct result of Lemma 4.13.1.
Proposition 4.16.1. The group ðE7Þl is isomorphic to the group ðE7Þ i :
ðE7ÞlG ðE7Þ i.
From the result of types EV, EVI, EVII in Table 2 and Proposition 4.16.1,
we have the following theorem.
Theorem 4.16.2. For Z2  Z2 ¼ f1; lgg  f1; gg, the Z2  Z2-symmetric
space is of type ðE7=ðE7Þlg;E7=ðE7Þg;E7=ðE7ÞðlgÞðgÞÞ ¼ ðE7=ðE7Þlg;E7=ðE7Þg;E7=
ðE7ÞlÞ ¼ ðE7=ðE7Þlg;E7=ðE7Þg;E7=ðE7Þ iÞ, that is, type (EV, EVI, EVII), abbre-
viated as EV-VI-VII.
Here, we prove proposition needed in theorem below.
Proposition 4.16.3. We have the following isomorphism: SðUð2Þ Uð6ÞÞG
ðUð1Þ  SUð2Þ  SUð6ÞÞ=Z12, Z12 ¼ fðee1ð2p=12Þk; ee1ð12p=12ÞkE; ee1ð4p=12ÞkEÞ j k ¼
0; 1; 2; . . . ; 11g.







Then we easily see that f6 is well-deﬁned and a epimorphism. By straightforward
computation, Ker f6 is obtained as follows:
Ker f6 ¼ fða;A;BÞ A Uð1Þ  SUð2Þ  SUð6Þ j f6ða;A;BÞ ¼ Eg
¼ fða;A;BÞ A Uð1Þ  SUð2Þ  SUð6Þ j a6A ¼ a2B ¼ Eg
¼ fða; a6E; a2EÞ A Uð1Þ  SUð2Þ  SUð6Þ j a12 ¼ 1g
¼ fðee1ð2p=12Þk; ee1ð12p=12ÞkE; ee1ð4p=12ÞkEÞ j k ¼ 0; 1; 2; . . . ; 11gGZ12:
Therefore we have the required isomorphism
SðUð2Þ Uð6ÞÞX ðUð1Þ  SUð2Þ  SUð6ÞÞ=Z12: r
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Now, we determine the structure of the group ðE7Þlg V ðE7Þg.
Theorem 4.16.4. We have that ðE7Þlg V ðE7ÞgG ðUð1Þ  SUð2Þ  SUð6ÞÞ=
Z24, Z24 ¼ fða; a6E; a2EÞ j a ¼ ee1ðp=12Þk; k ¼ 0; 1; 2; . . . ; 23g.
Proof. We deﬁne a mapping j4164 : Uð1ÞSUð2ÞSUð6Þ ! ðE7Þlg V ðE7Þg
by
j4164ð f6ða;A;BÞÞ ¼ jE5ð f6ða;A;BÞÞ:
Since the mapping j4164 is the restriction of the mapping jE5, it is clear that
j4164ð f6ða;A;BÞÞ A ðE7Þlg, and using gjE5ðLÞg ¼ jE5ðI2LI2Þ, L A SUð8Þ (Lemma
4.13.6 (2)), it is easily to verify that j4164ð f6ða;A;BÞÞ A ðE7Þg. Hence, j4164 is
well-deﬁned. Again, since the mapping j4164 is the restriction of the mapping jE5,
it is clear that j4164 is a homomorphism.
We shall show that j4164 is surjection. Let a A ðE7Þlg V ðE7Þg. From ðE7Þlg V
ðE7ÞgH ðE7Þlg, there exists L A SUð8Þ such that a ¼ jE5ðLÞ (Theorem 3.4.1).
Moreover, from a A ðE7Þg, that is, gjE5ðLÞg ¼ jE5ðLÞ, again using gjE5ðLÞg ¼
jE5ðI2LI2Þ (Lemma 4.13.6 (2)), we have that jE5ðI2LI2Þ ¼ jE5ðLÞ. Hence, it
follows that
I2LI2 ¼ L or I2LI2 ¼ L:
In the former case, we see that L A SðUð2Þ Uð6ÞÞ. Hence, there exist a A Uð1Þ,
A A SUð2Þ and SUð6Þ such that L ¼ f6ða;A;BÞ (Proposition 4.16.3). Thus we
have that a ¼ jE5ðLÞ ¼ jE5ð f6ða;A;BÞÞ ¼ j4164ða;A;BÞ. In the latter case, as in
the former case, we can also ﬁnd the explicit form of L A SUð8Þ as follows:
L ¼ 0 C
D 0
 
; C AMð2; 6;CÞ; D AMð6; 2;CÞ:
This case is impossible because of det L ¼ 0. Thus j4164 is surjection.
Finally, we shall determine Ker j4164. From Ker jE5 ¼ fE;Eg, we can
easily obtain that
Ker j4164 ¼ fða;A;BÞ A Uð1Þ  SUð2Þ  SUð6Þ j j4163ða;A;BÞ ¼ 1g
¼ fða;A;BÞ A Uð1Þ  SUð2Þ  SUð6Þ j jE5ð f6ða;A;BÞÞ ¼ 1g
¼ fða;A;BÞ AUð1ÞSUð2ÞSUð6Þ j f6ða;A;BÞ ¼ E; f6ða;A;BÞÞ ¼ Eg
¼ fða; a6E; a2EÞ A Uð1Þ  SUð2Þ  SUð6Þ j a12 ¼ 1; a12 ¼ 1g
¼ fða; a6E; a2EÞ j a ¼ ee1ðp=12Þk; k ¼ 0; 1; 2; . . . ; 23gGZ24:
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Therefore we have the required isomorphism
ðE7Þlg V ðE7ÞgG ðUð1Þ  SUð2Þ  SUð6ÞÞ=Z24: r
4.17. Type EVI-VI-VI
In this section, there exist two cases with this type.
4.17.1. We begin from the ﬁrst case: k ¼ soð8Þl soð4Þl iR.
In the ﬁrst case, we give a pair of involutive inner automorphisms ~g andfs. We remark that fs is same as ~s because of 1 A zðE7Þ (the center of E7).
Again, we state g@ gs, g@s in E7 as mentioned in Sections 4.14, 3.4,
respectively.
From the result of type EVI in Table 2 and g@ gs, g@s, we have the
following theorem.
Remark. From 1 A zðE7Þ, it is clear that ðE7Þgs ¼ ðE7Þgs.
Theorem 4.17.1-1. For Z2  Z2 ¼ f1; gg  f1;sg, the Z2  Z2-symmetric
space is of type ðE7=ðE7Þg;E7=ðE7Þs;E7=ðE7ÞðgÞðsÞÞ ¼ ðE7=ðE7Þg;E7=ðE7Þg;E7=
ðE7ÞgsÞ ¼ ðE7=ðE7Þg;E7=ðE7Þg;E7=ðE7ÞgÞ, that is, type (EVI, EVI, EVI), abbre-
viated as EVI-VI-VI.
Now, we determine the structure of the group ðE7Þg V ðE7Þs ¼ ðE7Þg V ðE7Þs.
Theorem 4.17.1-2. We have that ðE7Þg V ðE7Þs ¼ ðE7Þg V ðE7ÞsG ðSUð2Þ
Spinð4Þ  Spinð8ÞÞ=ðZ2  Z2Þ, Z2  Z2 ¼ fðE; 1; 1Þ; ðE; s; sÞg  fðE; 1; 1Þ; ðE; g;
sgÞg.
Proof. Let
Spinð4ÞG ðððE7Þk;mÞgÞ _F1ðhÞ; ~E1; ~E1; _E23 and Spinð8ÞG ðððE7Þ
k;mÞgÞ _F1ðhe4Þ:
Since both of the groups Spinð4Þ and Spinð8Þ are the subgroups of Spinð12ÞG
ðE7Þk;m, we can deﬁne a mapping j41712 : SUð2Þ  Spinð4Þ  Spinð8Þ ! ðE7Þg V
ðE7Þs as the restriction of the mapping jE6 as follows:
j41712ðA; b4; b8Þ ¼ f2ðAÞb4b8:
Then this mapping induces the required isomorphism (see [6, Theorem 3.23] in
detail). r
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4.17.2. Next, we study the second case: k ¼ uð6Þl iR.
In the second case, we give a pair of involutive inner automorphisms ~g
and fgH .
We deﬁne C-linear transformations gH of P
C by
gHðX ;Y ; x; hÞ ¼ ðgHX ; gHY ; x; hÞ;
where gH of the right hand side are the same ones as gH A G2HF4HE6. Then
we have that gH A E7, g
2
H ¼ 1, so gH induce involutive inner automorphism ~gH
of E7 : ~gHðaÞ ¼ gHagH , a A E7.
Similarly, for d1; d2 A G2HF4HE6, we have d1; d2 A E7. Hence, as in E6,
since we easily see that d1g ¼ gHd1, d2g ¼ ðggHÞd2, that is, g@ gH , g@ ggH in
E7, we have the following proposition.
Proposition 4.17.2-1. The group ðE7Þg is isomorphic to both of the groups
ðE7ÞgH and ðE7ÞggH : ðE7ÞgG ðE7ÞgH G ðE7ÞggH .
From the result of type EVI in Table 2 and Proposition 4.17.2-1, we have
the following theorem.
Theorem 4.17.2-2. For Z2  Z2 ¼ f1; gg  f1; gHg, the Z2  Z2-symmetric
space is of type ðE7=ðE7Þg;E7=ðE7ÞgH ;E7=ðE7ÞggH Þ ¼ ðE7=ðE7Þg;E7=ðE7Þg;E7=
ðE7ÞgÞ, that is, type (EVI, EVI, EVI), abbreviated as EVI-VI-VI.
Here, we prove proposition needed and make some preparations for the
theorem below.
First, using identifying ðJCÞClMð3;CÞC with JC , we identify ðPC ÞCl
ðMð3;CÞClMð3;CÞCÞ with PC by
ðX ;Y ; x; hÞ þ ðM;NÞ ¼ ðX þM;Y þN; x; hÞ;
where ðPC ÞC ¼ ðJC ÞCl ðJC ÞClClC. (As for identifying ðJC ÞClMð3;CÞC
with JC and the deﬁnition of ðJCÞC , see [7, Sections 2.2, 2.3].)
We often denote any element of Mð3;CÞC by ðm1;m2;m3Þ, where mk A
ðC 3ÞC , k ¼ 1; 2; 3, moreover denote any element of ðPCÞC by ðX ;Y ; x; hÞ as
above. (Remark. we often denote any element of PC by same one.)
We deﬁne a C-linear transformation w of ðPC ÞCl ðMð3;CÞClMð3;CÞCÞ
¼ PC by
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wððX ;Y ; x; hÞ þ ðM;NÞÞ ¼ ðX ;Y ; x; hÞ þ ðo1M;o1NÞ;
ðX ;Y ; x; hÞ þ ðM;NÞ A ðPCÞCl ðMð3;CÞClMð3;CÞCÞ ¼ PC ;
where o1M ¼ ðo1m1;o1m2;o1m3Þ, o1 A C , o31 ¼ 1, o10 1, so is o1N.
Besides, w is deﬁned as the C-linear transformation of ClC 3 ¼ C as
follows:
wðaþmÞ ¼ aþ o1m; aþm A ClC 3 ¼ C:
Then we have that w A G2, w3 ¼ 1. Hence, using the inclusion G2HF4HE6HE7,
w induces inner automorphism ~w of order 3 in E7 : ~wðaÞ ¼ w1aw, a A E7.
Proposition 4.17.2-3. We have the following isomorphism: ðE7ÞwG ðSUð3Þ
SUð6ÞÞ=Z3, Z3 ¼ fðE;EÞ; ðo1E;o1EÞ; ðo21E;o21EÞg.
Proof. We deﬁne a mapping jw : SUð3Þ  SUð6Þ ! ðE7Þw by
jwðD;AÞP ¼ f 1ððD;AÞð fPÞÞ; P A PC :
Then this mapping induces the required isomorphism (see [10, Section 4.13] in
detail). r
By identifying ðJCÞClMð3;CÞC with JC , the C-linear transformation g, gH
and gC of J
C naturally act on ðJC ÞClMð3;CÞC ¼ JC . Hence, using the in-
clusion E6HE7, the C-linear transformations g, gH and gC of ðJC ÞClMð3;CÞC
¼ JC are naturally extended to the C-linear transformations of ðPCÞCl
ðMð3;CÞClMð3;CÞCÞ ¼ PC as follows:
gððX ;Y ; x; hÞ þ ðM;NÞÞ ¼ ðX ;Y ; x; hÞ þ ðgM; gNÞ;
gHððX ;Y ; x; hÞ þ ðM;NÞÞ ¼ ðX ;Y ; x; hÞ þ ðgHM; gHNÞ;
gCððX ;Y ; x; hÞ þ ðM;NÞÞ ¼ ðX ;Y ; x; hÞ þ ðM;NÞ;
where gM ¼ gðm1;m2;m3Þ ¼ ðgm1; gm2; gm3Þ, and so is gHM. In addition, for
m ¼ ðm1;m2;m3Þ A C 3, gm and gHm are deﬁned by ðm1;m2;m3Þ and
ðm1;m2;m3Þ : gm ¼ ðm1;m2;m3Þ, gHm ¼ ðm1;m2;m3Þ, respectively.
Consider a group Z2 ¼ f1; gCg. Then the group Z2 ¼ f1; gCg acts on the
group Uð1Þ Uð1Þ  SUð6Þ by
gCðp; q;AÞ ¼ ðp; q; ðAd J3ÞAÞ
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and let ðUð1Þ Uð1Þ  SUð6ÞÞzZ2 be the semi-direct product of Uð1Þ Uð1Þ
SUð6Þ and Z2 with this action.
Now, we determine the structure of the group ðE7Þg V ðE7ÞgH .
Theorem 4.17.2-4. We have that ðE7Þg V ðE7ÞgH G ðUð1Þ Uð1Þ  SUð6ÞÞ=
Z3zZ2, Z3 ¼ fð1; 1;EÞ; ðo1;o1;o1EÞ; ðo21 ;o21 ;o21EÞg, Z2 ¼ f1; gCg, where
o1 A C , o31 ¼ 1, o10 1.
Proof. We deﬁne a mapping j41724 : ðUð1Þ Uð1Þ  SUð6ÞÞz f1; gCg !
ðE7Þg V ðE7ÞgH by
j41724ððp; q;AÞ; 1Þ ¼ jwðDðp; qÞ;AÞ;
j41724ððp; q;AÞ; gCÞ ¼ jwðDðp; qÞ;AÞgC ;
where Dðp; qÞ ¼ diagðp; q; pqÞ A SUð3Þ and jw is deﬁned in Proposition 4.17.2-2.
Then this mapping induces the required isomorphism (see [7, Theorem 2.4.3]
in detail). r
4.18. Type EVI-VII-VII
In this section, we give a pair of involutive inner automorphisms fs
and ~i.
Lemma 4.18.1. In E7, i is conjugate to si : i@si.









ð1 p1ÞX  2E1  Y þ hE1










1CCCA A PC ;
where p1 is deﬁned by p1ðXÞ ¼ ðX ;E1Þ þ 4E1  ðE1  X Þ;X A JC . Then, by
straightforward computation, we have that d10 A E7; d10i ¼ ðisÞd10, that is,
i@si in E7. r
We have the following proposition which is the direct result of Lemma
4.18.1.
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Proposition 4.18.2. The group ðE7Þ i is isomorphic to the group ðE7Þsi :
ðE7Þ iG ðE7Þsi.
From the result of types EVI, EVII in Table 2 and Proposition 4.18.2, we
have the following theorem.
Theorem 4.18.3. For Z2  Z2 ¼ f1;sg  f1; ig, the Z2  Z2-symmetric
space is of type ðE7=ðE7Þs;E7=ðE7Þ i;E7=ðE7ÞðsÞðiÞÞ ¼ ðE7=ðE7Þg;E7=ðE7Þ i;E7=
ðE7Þ iÞ, that is, type (EVI, EVII, EVII), abbreviated as EVI-VII-VII.
Now, we determine the structure of the group ðE7Þs V ðE7Þ i.
Theorem 4.18.4. We have that ðE7Þs V ðE7Þ iG ðUð1Þ Uð1Þ  Spinð10ÞÞ=
ðZ4  Z3Þ, Z4 ¼ fð1; 1; 1Þ; ð1;1;sÞ; ð1;i; sf1ðiÞÞ; ð1;i; f1ðiÞÞg, Z3 ¼
fð1; 1; 1Þ; ðo;o; 1Þ; ðo2;o2; 1Þg, where o A C, o3 ¼ 1, o0 1.
Proof. Let Uð1Þ ¼ fa A C j ðtaÞa ¼ 1g and Spinð10ÞG ðE6ÞE1 ¼ fa A E6 j
aE1 ¼ E1g. We deﬁne a mapping j4184 : Uð1Þ Uð1Þ  Spinð10Þ ! ðE7Þs V ðE7Þ i
¼ ðE7Þs V ðE7Þ i by
j4184ðy; a; dÞ ¼ fðyÞf1ðaÞd;
where f, f1 are deﬁned in Theorems 3.4.3, 3.3.3, respectively. It is clear that
j4184ðy; a; dÞ A ðE7Þ i, moreover since sfðyÞs ¼ fðyÞ and f1ðaÞd A ðE6Þs, it is easily
to verify that j4184ðy; a; dÞ A ðE7Þs ¼ ðE7Þs. Hence j4184 is well-deﬁned. Since
fðyÞ commutes with f1ðaÞ and d each other and moreover f1ðaÞ commutes with
d, we easily see that j4184 a homomorphism.
We shall show that j4184 is surjection. Let a A ðE7Þs V ðE7Þ i. Since ðE7Þs V
ðE7Þ iH ðE7Þ i, there exist y A Uð1Þ and b A E6 such that a ¼ jE7ðy; bÞ (Theorem
3.4.3). Moreover, from a A ðE7Þs ¼ ðE7Þs, that is, sjE7ðy; bÞs ¼ jE7ðy; bÞ, we
have jE7ðy; sbsÞ ¼ jE7ðy; bÞ. Hence, it follows that
ðiÞ y ¼ y
sbs ¼ b;

ðiiÞ y ¼ oy
sbs ¼ fðo2Þb;





Then we can easily conﬁrm that (ii) and (iii) are impossible because of y ¼ 0.
In the case (i), we have that b A ðE6ÞsG ðUð1Þ  Spinð10ÞÞ=Z4. Hence, from
Theorem 3.3.3, there exist a A Uð1Þ and d A Spinð10Þ such that b ¼ jE3ða; dÞ ¼
f1ðaÞd. Thus j4184 is surjection.
Finally, we shall determine Ker j4184. From Ker jE3 ¼ fð1; f1ð1ÞÞ;
ð1; f1ð1ÞÞ; ði; f1ðiÞÞ; ði; f1ðiÞÞg, we can easily obtain that
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Ker j4184 ¼ fðy; a; dÞ A Uð1Þ Uð1Þ  Spinð10Þ j j4184ðy; a; dÞ ¼ 1g
¼ fðy; a; dÞ A Uð1Þ Uð1Þ  Spinð10Þ j fðyÞf1ðaÞd ¼ 1g
¼ fðy; a; dÞ A Uð1Þ Uð1Þ  Spinð10Þ j y3 ¼ 1; a4 ¼ 1; d ¼ f1ða1Þg
¼ fð1; 1; 1Þ; ð1;1;sÞ; ð1;i; sf1ðiÞÞ; ð1;i; f1ðiÞÞ;
ðo;o1=4; f1ðiÞÞ; ðo;o1=4; sf1ðiÞÞ; ðo; io1=4; 1Þ; ðo;io1=4; sÞ;
ðo2;o1=2; sÞ; ðo2;o1=2; 1Þ; ðo2; io1=2; f1ðiÞÞ; ðo2;io1=4; sf1ðiÞÞg
¼ fð1; 1; 1Þ; ð1;1;sÞ; ð1;i; sf1ðiÞÞ; ð1;i; f1ðiÞÞg
 fð1; 1; 1Þ; ðo;o; 1Þ; ðo2;o2; 1ÞgGZ4  Z3:
Therefore we have the required isomorphism
ðE7Þs V ðE7Þ iG ðUð1Þ Uð1Þ  Spinð10ÞÞ=ðZ4  Z3Þ: r
4.19. Type EVII-VII-VII
In this section, we give a pair of involutive inner automorphisms ~i and ~l.
Proposition 4.19.1. The group ðE7Þ i is isomorphic to both of the groups
ðE7Þl and ðE7Þ il : ðE7Þ iG ðE7ÞlG ðE7Þ il.
Proof. First, we have ðE7Þ iG ðE7Þl as the direct result of Lemma 4.13.1.
Next, we deﬁne a mapping g : ðE7Þ il ! ðE7Þ i by
gðaÞ ¼ ðd1l d1i ÞaðdidlÞ;
where both of dl and di are deﬁned in Section 4.13. In order to prove this
proposition, it is su‰cient to show that the mapping g is well-deﬁned. Indeed,
it follows from ðliÞdi ¼ diðlÞ and ldl ¼ dli that
igðaÞ ¼ iððd1l d1i ÞaðdidlÞÞÞ ¼ d1l ððld1i ÞaðdidlÞÞ ¼ ðd1l d1i ÞððliÞaðdidlÞÞ
¼ ðd1l d1i ÞðaðliÞðdidlÞÞ ¼ ðd1l d1i ÞðadildlÞ ¼ ððd1l d1i ÞaðdidlÞÞi
¼ gðaÞi;
that is, gðaÞ A ðE7Þ i. r
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From the result of type EVII in Table 2 and Proposition 4.19.1, we have
the following theorem
Theorem 4.19.2. For Z2  Z2 ¼ f1; ig  f1; lg, the Z2  Z2-symmetric space
is of type ðE7=ðE7Þ i;E7=ðE7Þl;E7=ðE7Þ ilÞ ¼ ðE7=ðE7Þ i;E7=ðE7Þ i;E7=ðE7Þ iÞ, that is,
type (EVII, EVII, EVII), abbreviated as EVII-VII-VII.
Now, we determine the structure of the group ðE7Þ i V ðE7Þl.
Theorem 4.19.3. We have that ðE7Þ i V ðE7ÞlGF4 Z2, Z2 ¼ f1;1g.
Proof. We deﬁne a mapping j4193 : F4  f1;1g by
j4193ða; 1Þ ¼ jE7ð1; aÞ;
j4193ða;1Þ ¼ jE7ð1; aÞ;
where jE7 is deﬁned in Theorem 3.4.3. Since the mapping j4193 is the restriction
of the mapping jE7, it is clear that j4193 is well-deﬁned and a homomorphism.
We shall show that j4193 is surjection. Let a A ðE7Þ i V ðE7Þl. From ðE7Þ i V
ðE7ÞlH ðE7Þ i, there exist y A Uð1Þ and b A E6 such that a ¼ jE7ðy; bÞ ¼ fðyÞb
(Theorem 3.4.3). Moreover, from a A ðE7Þl, that is, ljE7ðy; bÞl1 ¼ jE7ðy; bÞ,
using lfðyÞl1 ¼ fðy1Þ (Lemma 4.15.3), we have that jE7ðy1; lbl1Þ ¼













Case (i). We see that y ¼G1 and b A F4G ðE6Þl. Hence, in the case of y ¼ 1,
there exist 1 A Uð1Þ and b A F4 such that a ¼ fð1Þb ¼ b, that is, a ¼ jE7ð1; aÞ ¼
j4193ða; 1Þ. Similarly, in the case of y ¼ 1, we have that a ¼ jE7ð1; aÞ ¼
j4193ða;1Þ.
Case (ii). We see that y ¼Go and b ¼ fðo2Þb 0, b 0 A F4. Hence, in the case of
y ¼ o, there exist o A Uð1Þ and b ¼ fðo2Þb 0 such that a ¼ fðoÞfðo2Þb 0 ¼ b 0,
that is, a ¼ jE7ð1; aÞ ¼ j4193ða; 1Þ. Similarly, in the case of y ¼ o, we have that
a ¼ jE7ð1; aÞ ¼ j4193ða;1Þ. Thus this case is reduced to Case (i).
Case (iii). We see that y ¼Go2 and b ¼ fðoÞb 0, b 0 A F4. As in Case (ii),
this case is also reduced to Case (i).
Finally, we shall determine the Ker j4193, however it is easily obtained that
Ker j4193 ¼ ðf1g; 1Þ.
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Therefore we have the required isomorphism
ðE7Þ i V ðE7ÞlGF4 Z2: r
 [E8] We study four types in here.
4.20. Type EVIII-VIII-VIII
In this section, we give a pair of involutive inner automorphisms ~s and ~s 0.
We deﬁne C-linear transformations s, s 0 of eC8 by
sðj;P;Q; r; s; tÞ ¼ ðsjs; sP; sQ; r; s; tÞ;
s 0ðj;P;Q; r; s; tÞ ¼ ðs 0js 0; s 0P; s 0Q; r; s; tÞ; ðj;P;Q; r; s; tÞ A eC8 ;
where s, s 0 of the right hand side are same ones as s; s 0 A F4HE6HE7.
Then we have that s; s 0 A E8, s2 ¼ s 02 ¼ 1. Hence s, s 0 induce involutive inner
automorphisms ~s, ~s 0 of E8 : ~sðaÞ ¼ sas, ~s 0ðaÞ ¼ s 0as 0, a A E8.
Lemma 4.20.1. (1) The Lie algebra ðe8Þs of the group ðE8Þs is given by
ðe8Þs ¼ fðj; tlQ;Q; r; s;tsÞ A e8 j j A ðe7ÞsG suð2Þl soð12Þ;
Q A ðPCÞs; r A iR; s A Cg:
(2) The Lie algebra ðe8Þlog of the group ðE8Þlog is given by
ðe8Þlog ¼ fðj; lgQ;Q; 0; s;sÞ A e8 j j A ðe7Þlg ¼ ðe7ÞtgG suð8Þ;
Q A ðPCÞtg; s A Rg:
In particular, we have that
dimððe8ÞsÞ ¼ ð3þ 66Þ þ ðð3þ 8Þ  2þ 2Þ  2þ 1þ 1 2 ¼ 120
¼ 63þ ð3þ ð4 3Þ  2Þ þ 2þ 1 ¼ dimððe8ÞlogÞ:
Proof. By straightforward computation, we can easily prove this lemma.
r
From Lemma 4.20.1 and [13, Lemma 5.3.3], we have the following
proposition.
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Proposition 4.20.2. The group ðE8Þs is isomorphic to the group ðE8Þlog :
ðE8ÞsG ðE8Þlog ðGSsð16ÞÞ.
Remark. The author can not ﬁnd any element d A E8 which gives the
conjugation: ds ¼ ðlogÞd.
Here, using the inclusion F4HE6HE7HE8, the C-linear transformations
d6; d7 deﬁned in the proof of Lemma 4.4.1 are naturally extended to the C-linear
transformations of eC8 . Hence, as in E6, since we easily see that d6s ¼ s 0d6,
d7s ¼ ðss 0Þd7 as d6; d7 A F4HE6HE7HE8, that is, s@ s 0, s@ ss 0 in E8, we
have the following proposition.










From the result of type EVIII in Table 2 and Propositions 4.20.2, 4.20.3,
we have the following theorem.
Theorem 4.20.4. For Z2  Z2 ¼ f1; sg  f1; s 0g, the Z2  Z2-symmetric space
is of type ðE8=ðE8Þs;E8=ðE8Þs
0
;E8=ðE8Þss
0 Þ ¼ ðE8=ðE8Þs;E8=ðE8Þs;E8=ðE8ÞsÞ,
that is, type (EVIII, EVIII, EVIII), abbreviated as EVIII-VIII-VIII.
Now, we determine the structure of the group ðE8Þs V ðE8Þs
0
.
Theorem 4.20.5. We have that ðE8Þs V ðE8Þs
0
G ðSpinð8Þ  Spinð8ÞÞ=
ðZ2  Z2Þ, Z2 ¼ fð1; 1Þ; ðs; sÞg, Z2 ¼ fð1; 1Þ; ðs 0; s 0Þg.
Proof. This proof is omitted (see [8, Theorem 7.1]. The purpose of [8] is
to prove the this theorem). r
4.21. Type EVIII-VIII-IX
In this section, we give a pair of involutive inner automorphisms glog andglogu.
Lemma 4.21.1. In E8, logu is conjugate to log : logu@ log.
Proof. We deﬁne a C-linear transformation du of eC8 by
duðj;P;Q; r; s; tÞ ¼ ðj; iP;iQ; r;s;tÞ; ðj;P;Q; r; s; tÞ A eC8 :
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Then we have that du A E8, d
2
u ¼ u and duðloguÞ ¼ ðlogÞdu : logu@ log in E8,
moreover that dul ¼ ldu. r
We have the following proposition which is the direct result of Lemma
4.21.1.
Proposition 4.21.2. The group ðE8Þlogu is isomorphic to the group ðE8Þlog :
ðE8ÞloguG ðE8Þlog.
From the results of types EXIII, EIX in Table 2 and Proposition 4.21.1, we
have the following theorem.
Theorem 4.21.3. For Z2  Z2 ¼ f1; logg  f1; logug, the Z2  Z2-symmetric
space is of type ðE8=ðE8Þlog;E8=ðE8Þlogu;E8=ðE8ÞðlogÞðloguÞÞ ¼ ðE8=ðE8Þlog;E8=
ðE8Þlog;E8=ðE8ÞuÞ, that is, type (EVIII, EVIII, EIX), abbreviated as EVIII-VIII-IX.
Here, we prove lemma needed in theorem below.
Lemma 4.21.4. The mapping f3 : SUð2Þ ! E8 of Theorem 3.5.2 satisﬁes the
following equalites:
ð1Þ du ¼ f3ðiIÞ:
ð2Þ lof3ðAÞl1o ¼ iof3ðAÞi1o ¼ f3ð tA1Þ:
ð3Þ sf3ðAÞs ¼ f3ðAÞ; gf3ðAÞg ¼ f3ðAÞ;
where iI ¼ diagði;iÞ A SUð2Þ.
Proof. By straightforward computation, we can easily prove this lemma.
(The C-linear transformation io of ðe8ÞC is deﬁned in Section 4.23. As for the
deﬁnition of the mapping f3, see [10, Theorem 5.7.4].) r
Consider a group Z2 ¼ f1; rug, where ru ¼ dui. Then the group Z2 acts on
the group SOð2Þ  SUð8Þ by
ruðA;BÞ ¼ ððiIÞAðiIÞ1; JBJ1Þ;
where J ¼ diagðJ1; J1; J1; J1Þ AMð8;RÞ, J1 ¼ 0 11 0
 
, and let ðSOð2ÞSUð8ÞÞ
zZ2 be the semi-direct product SOð2Þ  SUð8Þ and Z2 with this action.
Now, we determine the structure of the group ðE8Þlog V ðE8Þlogu.
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Theorem 4.21.5. We have that ðE8Þlog V ðE8ÞloguG ðSOð2Þ  SUð8ÞÞ=Z4z
Z2, Z4 ¼ fðE;EÞ; ðE;EÞ; ðE; e1EÞ; ðE;e1EÞg, Z2 ¼ f1; rug.
Proof. We deﬁne a mapping j4215 : ðSOð2Þ  SUð8ÞÞz f1; rug ! ðE8Þlog V
ðE8Þlogu by
j4215ððA;BÞ; 1Þ ¼ jE9ðA; jE5ðBÞÞ;
j4215ððA;BÞ; rÞ ¼ jE9ðA; jE5ðBÞÞru;
where jE9, jE5 are deﬁned in Theorems 3.5.2, 3.4.1, respectively. From
logf3ðAÞgl1o ¼ fðAÞ, A A SOð2Þ (Lemma 4.21.4 (3)) and jE5ðBÞ A ðE7Þlg
(Theorem 3.4.1), it is easily to verify that j4215 is well-deﬁned. By straightforward
computation, we can conﬁrm that j4215 is a homomorphism. Indeed, we show
that the case of j4215ððA;BÞ; ruÞj4215ððC;DÞ; 1Þ ¼ j4215ððA;BÞ; ruÞððC;DÞ; 1ÞÞ as
example. For the left hand side of this equality, we have that
j4215ððA;BÞ; ruÞj4215ððC;DÞ; 1Þ ¼ jE9ðA; jE5ðBÞÞrujE9ðC; jE5ðDÞÞ
¼ f3ðAÞjE5ðBÞruf3ðCÞjE5ðDÞ:
On the other hand, for the right hand side of same one, using du ¼ f3ðiIÞ,
ijE5ðAÞi1 ¼ jE5ðJAJÞ (Lemmas 4.21.4 (1), 4.13.6 (2)), we have that
j4215ððA;BÞ; ruÞððC;DÞ; 1ÞÞ ¼ j4215ðððA;BÞrðC;DÞÞÞ; ruÞ
¼ j4215ðððA;BÞððiIÞCðiIÞ1; JDJ1ÞÞ; ruÞ
¼ j4215ððAðiIÞCðiIÞ1;BJDJ1Þ; ruÞ
¼ f3ðAðiIÞCðiIÞ1ÞjE5ðBJDJ1ÞÞru




¼ f3ðAÞdujE5ðBÞf3ðCÞijE5ðDÞð jE5ðBÞ; i A E7Þ
¼ f3ðAÞjE5ðBÞðduiÞf3ðCÞjE5ðDÞ
¼ f3ðAÞjE5ðBÞruf3ðCÞjE5ðDÞ:
Similarly, the other cases are shown.
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We shall show that j4215 is surjection. Let a A ðE8Þlog V ðE8Þlogu. From
ðE8Þlog V ðE8ÞloguH ðE8ÞðlogÞðloguÞ ¼ ðE8Þu, there exist A A SUð2Þ and b A E7
such that a ¼ jE9ðA; bÞ (Theorem 3.5.2). Moreover, from a ¼ jE9ðA; bÞ A ðE8Þlog,
that is, logjE9ðA; bÞgl1o ¼ jE9ðA; bÞ, using logf3ðAÞgl1o ¼ f3ð tA1Þ (Lemma
4.21.4 (2)), we have that jE9ð tA1; lgbgl1Þ ¼ jE9ðA; bÞ. (Remark. For a A ðE8Þu,








In the former case, we see that A A SOð2Þ and b A ðE7ÞlgGSUð8Þ=Z2. Hence,
there exists B A SUð8Þ such that b ¼ jE5ðBÞ (Theorem 3.4.1). Thus we have that
a ¼ jE9ðA; bÞ ¼ jE9ðA; jE5ðBÞÞ ¼ j4215ððA;BÞ; 1Þ. In the latter case, we see that
A ¼ A 0ðiIÞ, A 0 A SOð2Þ and b ¼ b 0i, b 0 A ðE7Þlg. Hence, in the same way as the
former case, we have that
a ¼ jE9ðA; bÞ ¼ jE9ðA 0ðiIÞ; b 0iÞ ¼ f3ðA 0ðiIÞÞðb 0iÞ ¼ f3ðA 0Þf3ðiIÞðb 0iÞ
¼ f3ðA 0Þf3ðiIÞb 0i ¼ f3ðA 0Þb 0ðf3ðiIÞiÞ ¼ jE9ðA 0; b 0ÞðduiÞ ¼ jE9ðA 0; jE5ðB 0ÞÞru
¼ j4215ððA 0;B 0Þ; ruÞ:
Thus j4214 is surjection.
Finally, we shall determine Ker j4215. From the deﬁnition of kernel, it is as
follows:
Ker j4215 ¼ fððA;BÞ; 1Þ j j4215ððA;BÞ; 1Þ ¼ 1g
U fððA;BÞ; ruÞ j j4215ððA;BÞ; ruÞ ¼ 1g
¼ fððA;BÞ; 1Þ j jE9ðA; jE5ðBÞÞ ¼ 1g
U fððA;BÞ; rÞ j jE9ðA; jE5ðBÞÞru ¼ 1g:
Here, for the left hand side case, we have that
fððA;BÞ; 1Þ j jE9ðA; jE5ðBÞÞ ¼ 1g
¼ fððA;BÞ; 1Þ jA ¼GE; jE5ðBÞÞ ¼G1g
¼ fððE;EÞ; 1Þ; ððE;EÞ; 1Þ; ððE;e1EÞ; 1Þ; ððE; e1EÞ; 1Þg:
On the other hand, for the right hand side case, since jE9ðA; jE5ðBÞÞru ¼ 1, we
suppose that
jE9ðA; jE5ðBÞÞruð0; 0; 0; 0; 1; 0Þ ¼ ð0; 0; 0; 0; 1; 0Þ; where ð0; 0; 0; 0; 1; 0Þ A eC8 :
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Then since we have that f3ðAÞð0; 0; 0; 0; i; 0Þ ¼ ð0; 0; 0; 0; 1; 0Þ, there exist no
A A SOð2Þ such that jE9ðA; jE5ðBÞÞru ¼ 1. Hence, the right hand case is im-
possible. Thus we have that
Ker j4215 ¼ fððE;EÞ; 1Þ; ððE;EÞ; 1Þ; ððE;e1EÞ; 1Þ; ððE; e1EÞ; 1ÞgG ðZ4; 1Þ:
Therefore we have the required isomorphism
ðE8Þlog V ðE8ÞloguG ðSOð2Þ  SUð8ÞÞ=Z4zZ2: r
4.22. Type EVIII-IX-IX
In this section, we give a pair of involutive inner automorphisms ~s and ~u.
Lemma 4.22.1. (1) The Lie algebra ðe8Þu of the group ðE8Þu is given by
ðe8Þu ¼ fðj; 0; 0; r; s;tsÞ j j A e7; r A iR; s A Cg:
(2) The Lie algebra ðe8Þus of the group ðE8Þus is given by
ðe8Þus ¼ fðj; tlQ;Q; r; s;tsÞ j j A ðe7ÞsG suð2Þl soð12Þ;
Q A ðPCÞs; r A iR; s A Cg;
where ðPCÞs ¼ fP A PC j sP ¼ Pg.
In particular, we have that
dimððe8ÞuÞÞ ¼ 133þ 1þ 2 ¼ 136 ¼ ð3þ 66Þ þ ð8þ 8Þ  2 2þ 1þ 2
¼ dimððe8ÞusÞ:
Proof. By straightforward computation, we can easily prove this lemma.
r
From Lemma 4.22.1 and [13, Lemma 5.3.3], we have the following
proposition.
Proposition 4.22.2. The group ðE8Þu is isomorphic to the group ðE8Þus :
ðE8ÞuG ðE8Þus.
Remark. The author can not ﬁnd any element d A E8 which gives the
conjugation: ud ¼ dðusÞ.
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From the results of types EVII, EIX in Table 2 and Propositions 4.20.2,
4.22.2, we have the following theorem.
Theorem 4.22.3. For Z2  Z2 ¼ f1; sg  f1; ug, the Z2  Z2-symmetric space
is of type ðE8=ðE8Þs;E8=ðE8Þu;E8=ðE8ÞusÞ ¼ ðE8=ðE8Þlo ;E8=ðE8Þu;E8=ðE8ÞuÞ, that
is, type (EVIII, EIX, EIX), abbreviated as EVIII-IX-IX.
Now, we determine the structure of the group ðE8Þs V ðE8Þu.
Theorem 4.22.4. We have that ðE8Þs V ðE8ÞuGðSUð2Þ SUð2ÞSpinð12ÞÞ=
ðZ2  Z2Þ, Z2 ¼ fðE;E; 1Þ; ðE;E;1Þg, Z2 ¼ fðE;E; 1Þ; ðE;E;sÞg.
Proof. We deﬁne a mapping j4224 : SUð2Þ  SUð2Þ  Spinð12Þ ! ðE8Þs V
ðE8Þu by
j4224ðA;B; bÞ ¼ f3ðAÞf2ðBÞb;
where f3, f2 are deﬁned in Theorems 3.5.2, 3.4.2, respectively. From sf3ðAÞs ¼
f3ðAÞ (Lemma 4.21.4 (3)) and f2ðBÞb A ðE7Þs (Theorem 3.4.2), it is easily to
verify that j4224 is well-deﬁned. Since f3ðAÞ commutes with f2ðBÞ and b
each other (see [8, Theorem 5.7.6] in detail), moreover f2ðBÞ commutes with
b in E7HE8 (see [10, Theorem 4.11.15] in detail), we see that j4224 is a
homomorphism.
We shall show that j4224 is surjection. Let a A ðE8Þs V ðE8Þu. From ðE8Þs V
ðE8ÞuH ðE8Þu, there exist A A SUð2Þ and d A E7 such that a ¼ jE9ðA; dÞ (Theorem
3.5.2). Moreover, from a ¼ jE9ðA; dÞ A ðE8Þs, that is, sjE9ðA; dÞs ¼ jE9ðA; dÞ,









In the latter case, this case is impossible because of A ¼ 0. In the former case,
we see that d A ðE7ÞsG ðSUð2Þ  Spinð12ÞÞ=Z2. Hence, there exist B A SUð2Þ
and b A Spinð12Þ such that d ¼ jE6ðB; bÞ ¼ f2ðBÞb (Theorem 3.4.2). Thus j4224
is surjection.
Finally, we shall determine Ker j4224. From Ker jE6 ¼ fðE; 1Þ; ðE;sÞg,
we have that
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Ker j4224 ¼ fðA;B; bÞ A SUð2Þ  SUð2Þ  Spinð12Þ j j4224ðA;B; bÞ ¼ 1g
¼ fðA;B; bÞ A SUð2Þ  SUð2Þ  Spinð12Þ j f3ðAÞf2ðBÞb ¼ 1g
¼ fðA;B; bÞ A SUð2Þ  SUð2Þ  Spinð12Þ jA ¼GE; f2ðBÞb ¼G1g
¼ fðE;E; 1Þ; ðE;E;sÞ; ðE;E;1Þ; ðE;E; sÞg
¼ fðE;E; 1Þ; ðE;E;1Þg  fðE;E; 1Þ; ðE;E;sÞgGZ2  Z2:
Therefore we have the required isomorphism
ðE8Þs V ðE8ÞuG ðSUð2Þ  SUð2Þ  Spinð12ÞÞ=ðZ2  Z2Þ: r
4.23. Type EIX-IX-IX
In this section, we give a pair of involutive inner automorphisms ~u and eio.
We deﬁne C-linear transformations io, uio of eC8 by
ioðj;P;Q; r; s; tÞ ¼ ðiji1; iQ;iP;r;t;sÞ;
uioðj;P;Q; r; s; tÞ ¼ ðiji1;iQ; iP;r;t;sÞ; ðj;P;Q; r; s; tÞ A eC8 ;
where i of the right hand side is same one as i A E7. Then we see that io; uio A E8,
i2o ¼ ui2o ¼ 1. Hence io, uio induce involutive inner automorphisms eio, fuio of
E8 : eioðaÞ ¼ ioaio, fuioðaÞ ¼ ðuioÞaðiouÞ, a A E8.
Lemma 4.23.1. (1) The Lie algebra ðe8Þ io of the group ðE8Þ io is given by
ðe8Þ io ¼ ðj; tlQ;Q; 0; s;sÞ
 j A ðe7Þ iG uð1Þl e6; Q ¼ ðX ; itX ; x; itxÞ;X A JC ; x A C; s A R
( )
:
(2) The Lie algebra ðe8Þuio of the group ðE8Þuio is given by
ðe8Þuio ¼ ðj; tlQ;Q; 0; s;sÞ




dimððe8Þ ioÞ ¼ ð1þ 78Þ þ ð27þ 1Þ  2þ 1 ¼ 136
¼ ð1þ 78Þ þ ð27þ 1Þ  2þ 1 ¼ dimððe8ÞuioÞ:
Proof. By straightforward computation, we can easily prove this lemma.
r
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From Lemmas 4.22.1 (1), 4.23.1 above and [13, Lemma 5.3.3], we have the
following proposition.
Proposition 4.23.2. The group ðE8Þu is isomorphic to both of the groups
ðE8Þ io and ðE8Þuio : ðE8ÞuG ðE8Þ ioG ðE8Þuio .
Remark. The author can not ﬁnd any element d; d 0 A E8 which give the
conjugations: ud ¼ dio, iod 0 ¼ d 0uio.
From the result of type EIX in Table 2 and Proposition 4.23.2, we have
the following theorem.
Theorem 4.23.3. For Z2  Z2 ¼ f1; ug  f1; iog, the Z2  Z2-symmetric
space is of type ðE8=ðE8Þu;E8=ðE8Þ io ;E8=ðE8ÞuioÞ ¼ ðE8=ðE8Þu;E8=ðE8Þu;E8=ðE8ÞuÞ,
that is, type (EIX, EIX, EIX), abbreviated as EIX-IX-IX.
Consider a group Z2 ¼ f1; ng, where n ¼ dul (du and l are deﬁned in
Section 4.21 and Section 3.4, respectively). Then the group Z2 acts on the group
SOð2Þ Uð1Þ  E6 by
nðA; y; bÞ ¼ ððiIÞAðiIÞ1; y1; tbtÞ;
and let ðSOð2Þ Uð1Þ  E6ÞzZ2 be the semi-direct product SOð2Þ Uð1Þ  E6
and Z2 with this action.
Now, we determine the structure of the group ðE8Þu V ðE8Þ io .
Theorem 4.23.4. We have that ðE8Þu V ðE8Þ ioG ðSOð2Þ Uð1Þ  E6Þ=
ðZ2  Z3ÞzZ2, Z2 ¼ fðE; 1; 1Þ; ðE  1; 1Þg, Z3 ¼ fðE; 1; 1Þ; ðE;o; f2ðo2ÞÞ;
ðE;o2; f2ðoÞg, Z2 ¼ f1; ng.
Proof. We deﬁne a mapping j4234 : ðSOð2Þ Uð1Þ  E6ÞzZ2 ! ðE8Þu V
ðE8Þ io by
j4234ððA; y; bÞ; 1Þ ¼ jE9ðA; jE7ðy; bÞÞ;
j4234ððA; y; bÞ; nÞ ¼ jE9ðA; jE7ðy; bÞÞn;
where jE7 are deﬁned in Theorem 3.4.3. From jE7ðy; bÞ A ðE7Þ i and un ¼ nu,
it is clear that j4234ððA; y; bÞ; 1Þ; j4234ððA; y; bÞ; nÞ A ðE8Þu, moreover from
jE9ðA; jE7ðy; bÞÞ ¼ f3ðAÞfðyÞb and ion ¼ nio, it is easily to verify that
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j4234ððA; y; bÞ; 1Þ; j4234ððA; y; bÞ; nÞ A ðE8Þ io . Hence j4234 is well-deﬁned. By
straightforward computation, we can conﬁrm that j4234 is a homomorphism.
Indeed, we shall show that the case of j4234ððA; y; bÞ; nÞj4234ððB; z; kÞ; 1Þ ¼
j4234ðððA; y; bÞ; nÞððB; z; kÞ; 1ÞÞ as example. For the left hand side of this equality,
we have that
j4234ððA; y; bÞ; nÞj4234ððB; z; kÞ; 1Þ ¼ jE9ðA; jE7ðy; bÞÞnjE9ðB; jE7ðz; kÞÞ
¼ f3ðAÞjE7ðy; bÞnf3ðBÞjE7ðz; kÞ:
On the other hand, for the right hand side of same one, using du ¼ f3ðiIÞ,
dul ¼ ldu (Lemmas 4.21.4 (1), 4.21.1) and tkt ¼ lkl1, that is, ðtktÞl ¼ lk as
k A E6HE7, we have that
j4234ðððA; y; bÞ; nÞððB; z; kÞ; 1ÞÞ ¼ j4234ðððA; y; bÞðnðB; z; kÞÞÞ; nÞ
¼ j4234ðððA; y; bÞððiIÞBðiIÞ1; z1; tktÞÞ; nÞ
¼ j4234ððAðiIÞBðiIÞ1; yz1; btktÞ; nÞ











¼ f3ðAÞjE7ðy; bÞnf3ðBÞjE7ðz; kÞ;
where f is deﬁned in Theorem 3.4.3. Similarly, the other cases are shown.
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We shall show that j4234 is surjection. Let a A ðE8Þu V ðE8Þ io . From ðE8Þu V
ðE8Þ ioHðE8Þu, there exist A A SUð2Þ and d A E7 such that a¼ jE9ðA; dÞ (Theorem
3.5.2). Moreover, since a ¼ jE9ðA; dÞ A ðE8Þ io , that is, iojE9ðA; dÞi1o ¼ jE9ðA; dÞ,
using iof3ðAÞi1o ¼ f3ð tA1Þ (Lemma 4.21.4 (2)), we have that jE9ð tA1; idi1Þ ¼








In the former case, we see that A A SOð2Þ and d A ðE7Þ iG ðUð1Þ  E6Þ=Z3.
Hence, there exist y A Uð1Þ and b A E6 such that d ¼ jE7ðy; bÞ (Theorem 3.4.3).
Thus we have that a ¼ jE9ðA; dÞ ¼ jE9ðA; jE7ðy; bÞÞ ¼ j4234ððA; y; bÞ; 1Þ. In the
latter case, we see that A ¼ A 0ðiIÞ, A 0 A SOð2Þ and d ¼ d 0l, d 0 A ðE7Þ i. Hence, as
in the former case, we have that
a ¼ jE9ðA; dÞ ¼ jE9ðAðiIÞ; d 0lÞ ¼ f3ððAðiIÞÞðd 0lÞ ¼ f3ðA 0Þf3ðiIÞðd 0lÞ
¼ f3ðA 0Þd 0ðf3ðiIÞlÞ ¼ f3ðA 0Þd 0ðdulÞ ¼ jE9ðA 0; d 0ÞðdulÞ
¼ jE9ðA 0; jE7ðy 0; b 0ÞÞn ¼ j4234ððA 0; y 0; b 0Þ; nÞ:
Thus j4234 is surjection.
Finally, we shall determine Ker j4234. From the deﬁnition of kernel, it is as
follows:
Ker j4234 ¼ fððA; y; bÞ; 1Þ j j4234ððA; y; bÞ; 1Þ ¼ 1g
U fððA; y; bÞ; nÞ j j4234ððA; y; bÞ; nÞ ¼ 1g
¼ fððA; y; bÞ; 1Þ j jE9ðA; jE7ðy; bÞÞ ¼ 1g
U fððA; y; bÞ; nÞ j jE9ðA; jE7ðy; bÞÞn ¼ 1g:
Here, for the left hand side case, we have that
fððA; y; bÞ; 1Þ j jE9ðA; jE7ðy; bÞÞ ¼ 1g
¼ fððA; y; bÞ; 1Þ jA ¼GE; jE7ðy; bÞ ¼G1g
¼ fððA; y; bÞ; 1Þ jA ¼GE; fðyÞb ¼G1g
¼ fððE; 1; 1Þ; 1Þ; ðE;o; f2ðo2ÞÞ; ðE;o2; f2ðoÞ;
ððE  1; 1Þ; 1Þ; ððE;o; f2ðo2ÞÞ; 1Þ; ððE;o2; f2ðoÞ; 1Þg
¼ fðE; 1; 1Þ; ðE  1; 1Þg  fðE; 1; 1Þ; ðE;o; f2ðo2ÞÞ; ðE;o2; f2ðoÞg:
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For the right hand case, in the same way as the argument of kernel in Theorem
4.21.5, we have that fððA; y; bÞ; nÞ j jE9ðA; jE7ðy; bÞÞn ¼ 1g ¼ f. Thus we can
obtain that
Ker j4234 ¼ fðE; 1; 1Þ; ðE  1; 1Þg  fðE; 1; 1Þ; ðE;o; f2ðo2ÞÞ; ðE;o2; f2ðoÞg
GZ2  Z3:
Therefore we have the required isomorphism
ðE8Þu V ðE8Þ ioG ðSOð2Þ Uð1Þ  E6Þ=ðZ2  Z3ÞzZ2: r
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